
 

 
Estimation of Cancer Mortality Rates: A Bayesian Analysis of Small Frequencies
Author(s): Robert K. Tsutakawa
Source: Biometrics, Vol. 41, No. 1 (Mar., 1985), pp. 69-79
Published by: International Biometric Society
Stable URL: https://www.jstor.org/stable/2530644
Accessed: 21-10-2019 04:34 UTC

 
JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide

range of content in a trusted digital archive. We use information technology and tools to increase productivity and

facilitate new forms of scholarship. For more information about JSTOR, please contact support@jstor.org.

 

Your use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at

https://about.jstor.org/terms

International Biometric Society is collaborating with JSTOR to digitize, preserve and extend
access to Biometrics

This content downloaded from 142.103.160.110 on Mon, 21 Oct 2019 04:34:53 UTC
All use subject to https://about.jstor.org/terms



 BIOMETRICS 41, 69-79
 March 1985

 Estimation of Cancer Mortality Rates:
 A Bayesian Analysis of Small Frequencies

 Robert K. Tsutakawa

 Department of Statistics, University of Missouri,
 Columbia, Missouri 65211, U.S.A.

 SUMMARY

 A Bayesian method is presented for estimating mortality rates of specific diseases when the frequency
 of deaths over a specified time period is assumed to have a Poisson distribution with mean proportional
 to the population size. The estimators use information from related populations, each having its own
 rate which is assumed distributed according to a common prior distribution about which some
 information is available.

 The study was motivated by an epidemiological study on the geographic variation of cancer
 mortality in the state of Missouri. Data from this study are used to illustrate the method and to
 compare it to a somewhat simpler empirical Bayes method.

 1. Introduction

 We consider making inferences about the occurrence of rare human events in a given
 population when we have information on similar occurrences in other populations. Mor-
 tality due to a specific disease such as lung cancer is one such example where the annual
 frequency in a small or average-sized city is quite low and the information from a single

 city is very limited. We present a method of using information from several cities with
 differing mortality rates that will yield better estimates of true mortality rates than the raw
 rates based on individual cities.

 The current study was motivated by an epidemiological investigation (Marienfeld et al.,
 1980) of the effects of public drinking water on cancer mortality in the state of Missouri.
 Some of the data collected for this study are summarized in Table 1, which gives mortality
 frequencies due to lung cancer among males aged 45-54 from 1972 to 1981 in eighty-four
 of the largest cities in Missouri. The raw rates reported in the table are the annual rates per
 106 population at risk. Note that these are quite variable, particularly among the smaller
 cities where a difference of even one or two deaths can have a large effect on the raw rates.

 Regional variations in cancer mortality rates are well known through the tabulations of
 Mason and McKay (1974) of age-adjusted death rates in the United States for 1950-1969
 by county, sex, race, and cancer type. These adjusted rates are useful for overall description,
 but can be unreliable in making regional inferences when the numbers of individuals in
 certain subgroups are small. Moreover, since most cancer types affect different age-sex
 groups quite differently, many epidemiologists find adjusted rates to be of limited value
 (Hill, 1977, p. 198).

 Another approach to improving on the raw rates is to use a multiplicative model of the
 type proposed by Breslow and Day (1975). An example of this is to assume that the
 probability of death for a given individual can be factored into a component due to age
 and another due to geographic region. The components are then estimated by maximum
 likelihood. One consequence of this approach is that if there are no deaths in a region, an
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 Table 1
 Lung cancer mortality in Missouri cities, males aged 45-54, 1972-1981

 Empirical Bayes Bayes

 Raw Expected Expected
 City Size Deaths rate* E(O) + 5 Sd(O) deaths Rate* E(O) + 5 Sd(O) deaths Rate*

 1 1019 2 196 .009 .203 6.9 677 .024 .234 6.8 671
 2 1512 8 529 .086 .187 11.2 742 .080 .202 11.2 739
 3 1424 8 562 .109 .188 10.8 759 .104 .202 10.8 757
 4 54155 402 742 .109 .042 404.0 746 .109 .043 404.2 746
 5 447 1 224 .128 .218 3.5 778 .116 .239 3.4 772
 6 1907 12 629 .120 .177 14.6 766 .117 .187 14.6 765
 7 1755 11 627 .125 .180 13.5 770 .122 .191 13.5 769
 8 5756 42 730 .134 .128 44.4 771 .135 .130 44.4 772
 9 509 2 393 .152 .215 4.0 796 .142 .233 4.0 791
 10 350 1 286 .165 .222 2.8 807 .155 .241 2.8 802
 11 473 2 423 .165 .217 3.8 807 .156 .234 3.8 802
 12 329 1 304 .173 .222 2.7 814 .163 .241 2.7 809
 13 7137 55 771 .167 .117 56.8 796 .168 .118 56.8 796
 14 430 2 465 .181 .218 3.5 820 .173 .234 3.5 816
 15 304 1 329 .183 .223 2.5 822 .174 .241 2.5 818
 16 163 0 0 .191 .230 1.4 830 .181 .250 1.3 826
 17 163 0 0 .191 .230 1.4 830 .181 .250 1.3 826
 18 159 0 0 .193 .230 1.3 832 .183 .250 1.3 827
 19 281 1 356 .192 .224 2.3 830 .184 .242 2.3 826
 20 154 0 0 .195 .230 1.3 834 .186 .250 1.3 829
 21 889 6 675 .192 .201 7.3 826 .187 .212 7.3 824
 22 260 1 384 .201 .225 2.2 837 .193 .243 2.2 834
 23 371 2 540 .205 .220 3.1 840 .198 .236 3.1 837
 24 232 1 432 .213 .226 2.0 848 .206 .243 2.0 845
 25 228 1 439 .215 .227 1.9 849 .208 .244 1.9 846
 26 343 2 584 .216 .221 2.9 849 .210 .236 2.9 847
 27 454 3 660 .219 .216 3.9 851 .213 .230 3.9 848
 28 323 2 619 .224 .222 2.8 856 .218 .237 2.8 854
 29 311 2 643 .229 .222 2.7 861 .224 .237 2.7 859
 30 784 6 765 .227 .203 6.7 856 .224 .213 6.7 854
 31 426 3 705 .230 .217 3.7 860 .225 .231 3.7 859
 32 184 1 545 .234 .229 1.6 866 .229 .245 1.6 865
 33 181 1 553 .235 .229 1.6 867 .230 .245 1.6 866
 34 177 1 564 .237 .229 1.5 869 .232 .246 1.5 867
 35 177 1 566 .237 .229 1.5 869 .232 .246 1.5 867
 36 291 2 688 .238 .223 2.5 868 .233 .238 2.5 867
 37 170 1 587 .240 .229 1.5 871 .235 .246 1.5 870
 38 158 1 632 .245 .230 1.4 876 .241 .246 1.4 875
 39 274 2 730 .245 .224 2.4 875 .241 .239 2.4 874
 40 150 1 667 .249 .230 1.3 880 .245 .247 1.3 879
 41 265 2 755 .249 .224 2.3 878 .245 .239 2.3 877
 42 257 2 779 .253 .225 2.3 881 .249 .239 2.3 881

 * Annual rate per 106 population at risk.

 event which commonly occurs in small populations, the probability is estimated as 0.
 Moreover, due to the absence of interaction effects, these models are inadequate for
 studying regional variations within age groups. Manton, Woodbury, and Stallard (1981)
 discuss a somewhat more complex model where the frequency of deaths is assumed to have
 a negative binomial distribution whose parameter depends on demographic as well as
 geographic variables, such as county and longitudinal gradient. As in the Breslow-Day
 study, the model is basically a fixed effects model, where the effects are estimated by
 maximum likelihood, and not well suited to dealing with small populations, many of which
 contain no deaths.

 We propose to consider this problem from a Bayesian view of a random effects model,
 where true rates vary at random from city to city according to some distribution with
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 Table 1
 (continued)

 Empirical Bayes Bayes

 Raw Expected Expected
 City Size Deaths rate* E(O) + 5 Sd(O) deaths Rate* E(O) + 5 Sd(O) deaths Rate*

 43 254 2 786 .254 .225 2.2 882 .250 .240 2.2 882
 44 28937 251 867 .260 .063 251.1 868 .260 .063 251.2 868
 45 445 4 898 .269 .216 4.0 894 .266 .227 4.0 894
 46 447 4 896 .268 .216 4.0 893 .266 .227 4.0 893
 47 329 3 912 .270 .221 2.9 896 .268 .234 2.9 897
 48 206 2 970 .275 .227 1.9 902 .273 .242 1.9 903
 49 313 3 957 .277 .222 2.8 902 .275 .235 2.8 903
 50 314 3 955 .277 .222 2.8 902 .275 .235 2.8 903
 51 314 3 955 .277 .222 2.8 902 .275 .235 2.8 903
 52 202 2 992 .277 .227 1.8 904 .276 .242 1.8 905
 53 198 2 1009 .279 .227 1.8 905 .277 .242 1.8 907
 54 183 2 1093 .286 .228 1.7 912 .285 .243 1.7 914
 55 292 3 1029 .287 .222 2.7 911 .286 .236 2.7 913
 56 178 2 1122 .288 .228 1.6 914 .288 .243 1.6 916
 57 287 3 1046 .289 .223 2.6 913 .288 .236 2.6 915
 58 282 3 1063 .291 .223 2.6 915 .290 .236 2.6 917
 59 164 2 1219 .295 .229 1.5 920 .295 .244 1.5 923
 60 164 2 1219 .295 .229 1.5 920 .295 .244 1.5 923
 61 1923 18 936 .296 .170 17.5 910 .295 .173 17.5 910
 62 3672 34 926 .300 .141 33.4 910 .300 .142 33.4 910
 63 261 3 1150 .301 .224 2.4 924 .301 .238 2.4 927
 64 581 6 1033 .303 .209 5.4 924 .303 .219 5.4 925
 65 550 6 1091 .316 .210 5.1 935 .316 .220 5.2 938
 66 431 5 1161 .321 .215 4.1 941 .322 .227 4.1 944
 67 399 5 1252 .334 .217 3.8 954 .336 .228 3.8 958
 68 286 4 1400 .338 .222 2.7 959 .341 .235 2.8 964
 69 592 7 1181 .342 .208 5.7 959 .343 .217 5.7 963
 70 246 4 1628 .357 .224 2.4 977 .362 .238 2.4 985
 71 547 7 1281 .361 .209 5.3 978 .363 .220 5.4 982
 72 438 6 1369 .363 .214 4.3 981 .367 .226 4.3 987
 73 202 4 1978 .379 .226 2.0 999 .385 .242 2.0 1009
 74 790 10 1266 .386 .199 7.9 1000 .388 .207 7.9 1004
 75 648 9 1390 .403 .204 6.6 1018 .407 .214 6.6 1024
 76 354 6 1694 .402 .217 3.6 1020 .408 .232 3.6 1030
 77 730 10 1369 .409 .200 7.5 1024 .413 .210 7.5 1030
 78 144 4 2769 .409 .229 1.5 1029 .419 .248 1.5 1045
 79 1093 14 1281 .420 .187 11.3 1033 .422 .194 11.3 1036
 80 384 7 1824 .434 .215 4.0 1052 .442 .231 4.1 1065
 81 278 6 2156 .439 .221 2.9 1059 .449 .239 3.0 1074
 82 596 10 1678 .466 .204 6.5 1084 .473 .219 6.5 1095
 83 1889 28 1482 .572 .159 22.6 1195 .572 .169 22.6 1196
 84 22514 334 1528 .804 .058 334.5 1486 .802 .059 333.7 1482

 * Annual rate per 106 population at risk.

 parameters about which we have some prior information. For a given age-sex group within
 a city (which we consider to be a homogeneous target population), we assume that the
 frequency of deaths due to a given cause over a given time period has a Poisson distribution
 with mean X. To account for groups of different sizes we let X = np, where n is the size of
 the group. We assume that the p's vary randomly in such a manner that their logits,
 0 = log[p/(l - p)], may be treated as a random sample from a normal distribution with

 unknown mean At and standard deviation a. We further assume that the hyperparameter
 (,g, a) has a known prior distribution, enabling us to consider the posterior distribution
 of 0.

 The Poisson model with the parametrization X = np has been used previously by Breslow
 and Day ( 1975). They consider p fixed, whereas we consider it random. Our study is related
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 to works on contingency tables under empirical Bayes approaches by Good (1956) and
 Laird (1978), and under a Bayesian approach by Leonard (1972, 1975). It is also related to

 empirical Bayes analyses of regional mortality rates by Miao (in a Ph.D. thesis at Harvard
 University, 1977) and by Tsutakawa, Shoop, and Marienfeld (in a 1983 University of
 Missouri Department of Statistics technical report). One shortcoming of the empirical
 Bayes procedures is that they do not give a good measure of the reliability of the estimated
 mortality rates because they do not account for the uncertainty in the estimated prior
 distribution of 0 (cf. Dempster, Rubin, and Tsutakawa, 1981). In this paper we extend the
 empirical Bayes solution of Tsutakawa et al. to a fully Bayesian one by using techniques
 presented by Deeley and Lindley (1981) and Lindley (1980). The extensive computational
 formulas needed to implement the Bayesian method are summarized in the Appendix.

 The Bayesian approach is illustrated with the lung cancer data. The results show that the
 Bayesian estimates of mortality rates do not have the extreme fluctuation seen in the raw
 rates and the uncertainties in these rates may be studied through the posterior distributions
 of 0. The Bayesian method also provides a means of comparing rates among cities. A
 comparison with the empirical Bayes method, where (,i, a) is estimated by maximum
 likelihood, shows that the posterior means of 0 are generally quite close, but the posterior
 standard deviations are smaller for empirical Bayes, particularly for the smaller cities. The
 Bayesian approach presented here demonstrates that, by modeling true mortality rates as
 random variables having some underlying distribution, it is not necessary to obtain
 smoothed rates by the conventional methods of adjustment by age or fixed effects models,
 neither of which accounts for the differences in geographic variability from one age group
 to another. Moreover, in situations where some cities have no deaths, the Bayesian method
 gives positive rates which are low but consistent with the distribution of the rates of other
 cities.

 2. Model and Different Approaches to the Problem

 Let Y = (Y, ... ., Yk) be the numbers of deaths due to a specific cause during a given time
 period in k populations of sizes n1, ..., nk. Assume that for each i, Yi has a Poisson
 distribution with mean Xi = nip, and that 6i = log[pi/(1 - pi)] has a prior distribution which
 is normal with unknown mean and standard deviation (,q, a). Given (,q, a), assume that
 01, ... , ah are independent and given 0 = (01 ,... , ok), then Y1,..., Yk are also independent.

 Given (At, a), the joint distribution of (0i, Yi) is

 p(6, Y, I A,5 a) = f(yi ni, 6i)g(6, I At, o), (2.1)
 where

 f(yiI ni, 6i) = [exp(-nipi)](nipi)Yi/yi!,

 p= [ + exp(-0i)]-1,

 and

 g(6i AIt, a) = (2 7ro2)-l/2exp[-(Oi -_)2/(2 U2)]

 for yi = 0, 1, ... , and -co < 6i < oo. The marginal probability function of Yi is then

 p(Yi ,I a) = fP(yi,5 6,I a) dAO (2.2)

 and, from the assumption of independence, the likelihood function of (At, a) is given by
 k

 f(/i, a) = II p(yIu , ar). (2.3)
 1= 1
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 Our primary concern will be in drawing inferences regarding a particular 0i, which in
 turn can be used to study pi and Xi.Without loss of generality, we assume that our interest
 is in akh. If (A, o) are known, the posterior probability density functions (pdfs) of 0 and Ok
 are given by

 k

 g(0 I y, Al, O) = H g(0i yi, A, ) (2.4)
 i=l

 and

 g(0k I Y-, A, o) = f(yk- I nk, 9k)g( I At, o)/P(Yk- I', o). (2.5)

 In the absence of known (At, a), a number of approaches for estimating Ok may be
 considered. An empirical Bayes approach suggested in a paper by Good (1956) and refined

 by Tsutakawa et al. is to first find (/I, a), the maximum likelihood estimate of (,q, a) with
 respect to the likelihood function (2.3), and then to estimate Ok by its posterior expectation

 E(OkIyk, | , 5) = f Okg(Ok yk, , 5) dOk,

 where (,i, a) is now replaced by its estimate (/, a). Another empirical Bayes approach
 suggested by Laird (1978) for two-way contingency tables is to first compute the marginal
 maximum likelihood estimate J2 of U2, assuming p has a flat prior, and then to estimate Ok
 by its posterior mode when a = a. A Bayesian approach suggested by Leonard (1972, 1975),
 again for contingency tables, is to consider the marginal posterior distribution of 0 when
 (,i, a) has a prior distribution such that At is uniform over the real line and a 2 is independent
 ofAt with vTa -2 distributed as chi-square with v degrees of freedom, where T > 0 and v - 0
 are known parameters. We interpret T to be a prior estimate of a2 and v as a measure of
 the strength of this belief. We will first discuss the joint posterior distribution of 0 and then
 use Lindley's (1980) approximation to numerically study the marginal posterior distribution
 of 0A.

 3. Posterior Distribution of 0

 Suppose now that the joint prior of (,u, a) is given by the pdf

 7r(At, a) 0c --Iexp(_u 27/T2), (3.1)

 where (T, v) is a known parameter, T > 0, and v P 0. Then the posterior pdf of (0, ,u, a) is

 k

 h(0, Au, aI y) oc 7r(u, a) II p(0i, yi1j/, ) (3.2)
 i= I

 By integrating h first with respect to p and then with respect to a, it follows [as in Leonard
 (1972), where binomial distributions are considered] that the marginal posterior pdf of 0 is

 k

 g(0 I y) oc f7 f(yiI ni, 0i)[Z (Oi - #)2 + V7]-(v+k-1)/2 (3.3)
 i= I

 where Z = fi0,/k. Although the marginal of Ok is not easy to derive, the joint mode,
 0 = (06, . . ., 0k), when it exists can be shown to satisfy the equations

 (yi/ni - pi)qi = (0i - O)/(nis2) i = 1, ..., k, (3.4)

 where qi = 1 - Pi and

 S 2= + -]/(V+k 1). (3.5)

 When evaluated at 0, S2 may be conveniently interpreted as the posterior estimate of C2
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 For our application, qi will be very close to 1 and, when evaluated at the mode, pi is
 approximately

 Pi = yi/ni - (6i - 0)1(s ni), (3.6)

 the observed proportion, yi/ni, minus an adjustment inversely proportional to s2ni, where
 6 and S2 are 6 and s2 evaluated at 0 = 0. Since pi must be nonnegative, Oi cannot exceed 0
 in the special case when yi = 0.

 It is also instructive to see what happens in the hypothetical cases when S2 = 0 and
 = o0. Multiplying (3.6) by ni and summing over i, we have E Aini = 2yi. Thus, when

 s = 0, all Pi are equal and are given by E yi/lni, which is the overall proportion. On the
 other hand, when S2 = pi, A = yi/ni, which is the maximum likelihood estimate of pi, based
 solely on population i.

 4. Marginal Posterior Distributions of Ok and (0j, Ok)

 Given the prior pdf 7r(/i, a), the marginal pdf of Ok is given by

 g(0 I y) = J f g(0 |y, /L, u)h(p, a I y) dc da, (4.1)

 where h is the posterior pdf of (,4, a), given by

 h(a, a I y) ?c ( )7r(p, o). (4.2)

 A straightforward proof is presented in more general terms by Deeley and Lindley (1981).
 The joint marginal pdf and moments of (0j, Ok) are similarly given by

 g(0j, OkI y) = ff g Yi y5, A5, a)g(06, Yk, Y t, A)h(5 a| y) d4 du (4.3)

 and

 E(Oi4|y) = ff E(j I yj, /i, o)E(O' I yk, ii, o)h(t, oa y) di dua, (4.4)

 for r = 0, 1, ... ; t = 0, 1, ... ; and j ? k. Since the numerical evaluation of these marginals
 and their moments requires the evaluation of complicated multiple integrals, we turn to an
 approximation due to Lindley (1980), which reduces the problem to evaluating single
 integrals and appears adequate for practical work. Following Lindley (1980), let Lr, denote

 the (r, t)th partial derivative

 dar e log o(i, a),

 evaluated at (/'I, v'), r = 0, 1, ... .; t = 0, 1, ... .; let

 [::l ai2j = ['L20 I ; (4.5)
 Ol 2 U2, -Li, -Lo2,

 let (Pi, P2) be the first partials of log ir(kt, a) evaluated at (a, a); and finally, for an arbitrary
 real-valued function u(pt, a) of (pt, a), let u, Ur, and u, denote u(pt, a) and its first two
 partials evaluated at (U', v) [e.g., u2 = au/aa and ul = a2u//,u2, evaluated at (U', v)]. Then
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 to terms of order O(1/k), Lindley shows that

 E[u(,u, a) I y] - u + l z (u, + 2U,.p,)r,

 + 2 $L30[u1oi1 + U2o11o 2]

 + L21[3u aiio2 + U2(a11a22 + 2 I2)]

 + L12[UJ(allIa22 + 24f2) + 3U2aU12a22]

 + Lo3u[ a12U22 + U2U222]}, (4.6)

 where the first term omitted is O(k-2). We can apply this approximation to (4.1),
 (4.3), and (4.4) by taking u(p, a) to be g(Oj y k, A, a), g(0JI Yi, A,)g(OXk yk, t, a), and
 E(JI yj, ,u, a)E(O' I yk, A, a), respectively. These approximations require the numerical
 evaluation of a large number of single integrals. Numerical integration by the Gauss-
 Hermite quadrature method has been found to be quite adequate for practical work.

 5. Lung Cancer Example

 We now present an illustration using the lung cancer data, where the prior on (A, a) is
 approximated by the noninformative prior given when v = 0 in (3.1). Although this is an
 improper prior, it is an appropriate choice in (4.6) to represent small values of P. Provided

 a > 0, we then have pi = 0 and P2 = 1/v, the latter being the limiting value of P2 as v -> 0.
 Using the technique given in the technical report. by Tsutakawa et al., we have for these

 data (1tt, -) = (-4.7327, 0.2384). The corresponding posterior mean or Bayes estimate
 obtained from (4.6) is (-4.7352, 0.2459).

 Table 1 summarizes the posterior means and standard deviations of Hi, estimated annual
 rates, and expected deaths for both the empirical Bayes and Bayesian methods. The annual
 rate is estimated by the posterior mean of 106pi/ 10 and the expected deaths (for the 10-
 year period) by the posterior mean of nipi.

 The estimated annual rates range from 677 to 1486 for empirical Bayes and from 671 to
 1482 for Bayes, in contrast to the raw rates, which range from 0 to 2769. It is interesting
 to note that cities with no deaths have positive estimates and, in terms of posterior means,
 rank above several larger cities with a positive number of deaths. Some idea of the fit of
 the model can be obtained by observing the closeness of the expected number of deaths to
 the actual number of deaths.

 To assess the uncertainties in these estimates, we consider the posterior standard devia-
 tions of 0i. The difference between the empirical Bayes and Bayes methods now becomes
 more obvious, with the standard deviation generally being larger for the latter and by as
 much as 15% for city 1. This is due to the uncertainty in (A", "), which is disregarded by
 the empirical Bayes method (Deeley and Lindley, 1981). This discrepancy becomes negli-
 gible, however, for the larger cities, where there is close agreement in terms of both the
 mean and standard deviation. The difference is illustrated more graphically in Fig. 1, which
 shows the posterior densities of hi, which are based on (2.5) for empirical Bayes and
 approximated by (4.6) for Bayes.

 The posterior moments of 0 may be used to find an approximate interval estimate of an
 annual rate and to compare rates in different cities. Under the normal approximation, we
 can first derive an interval estimate for Ok, then find the corresponding interval for the
 annual rate. For example, with city 62, a 95% interval for 062 iS-4.700 ? 1.96(.142) or
 (-4.978, - 4.422). Since Pk = 1/[1 + exp(-Ok)] the interval for the annual rate, 1O5p62, is
 (684, 1187).
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 Figure 1. Posterior pdfs of m under empirical Bayes and Bayesian methods for cities 1, 8, 17, 83,
 and 84.

 Two cities, say j and k, may be compared in terms of the posterior distribution of
 Ok -0P, whose mean and variance may again be obtained by Lindley's approximation. To
 compare cities] = 8 and k = 83, for example, consider the standardized difference

 (Oi - O9k)/[VQOj) - 2 cov(Qj, Ok) + V(Ok)]1

 (4.428 - 4.865)/.[1.7017 - 2(-.0726) + 2.8553]1021/2 -6-2.02,

 where Qi and 0kare the posterior means from Table 1 and the variances and covariance are

 Table 2

 Posterior covariance matrix (x 102) of~forfive cities

 City number

 City number 1 8 17 83 84

 1 5.4778 .2746 .6207 -.4279 -.1222
 8 1.7017 .1756 -.0726 -.0226
 17 6.2293 -.1012 -.0426
 83 2.8553 .0800
 84 .3440
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 taken from Table 2. Under the normal approximation, the posterior probability that city
 83 has a higher rate than city 8 is 97.9%.
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 RESUME

 Cet article presente une m6thode bayesienne d'estimation de taux de mortalites specifiques quand le
 nombre des deces sur un intervalle de temps donn6 a une distribution de Poisson dont la moyenne
 est proportionnelle a la taille de la population. Les estimateurs utilisent l'information fournie par des
 populations voisines, chacune ayant ses propres taux supposes distribues selon une meme distribution
 a priori sur laquelle on dispose d'information.

 La motivation de ce travail a ete une 6tude 6pidemiologique de la variation g6ographique de la
 mortality par cancer dans l'etat du Missouri. Des donnees de cette etude permettent d'illustrer la
 methode et de la comparer aux m6thodes plus simples dites "bayesiennes empiriques."
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 APPENDIX

 Computational Formulas

 The implementation of Lindley's approximation requires the evaluation of many derivatives whose
 expressions we now summarize for computational purposes. From (2.1), (2.2), and (2.3), the log
 likelihood function is given by

 L = L(M, o) = Z log ffg dQ.
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 where we now use the abbreviations

 f=f(yiIri,0) and g=g(6IA, o).

 Denote the partial derivatives ar+Ig/l3alra3o- by grt, and let z = (6 - ,u)/l. Then the derivatives of g
 that are needed may be expressed as follows:

 goo = g

 g1o = o(7zg,

 goI = 0- - l)g

 g20= 02(z - )g,

 g = -2Z(z2 - 3)g,

 g = r-2(z4 - 5z2 + 2)g,

 g30= 03z(z2 - 3)g,

 921 = a (Z4 - 6Z2 + 3)g,

 g12 = O-3z(z4 9z2 + 12)g,

 gO3 = -3(z6 _ 12z4 + 27Z2 - 6)g.

 When evaluated at (,u, ) = (,u, ), let

 Iir= fgr, dA

 and

 Qirti =irIiO

 for r =0, 1, 2, 3 and r + t= 0, 1, 2, 3. Then

 Loo = Z log Ijoo,

 Lio = Z Qijo,

 LOI = z Qi

 L20 = Z (Qi2O - Q0io),

 Li = Z (QjI -QioQioI)

 L02 = Z (Qio 2- i)

 L30 = Z (Qi3o- 3Qi2OQiIo + 2Q~io),

 L2I = Z [ Qi2 Qi2oQiO - 2QjIo(QII-QioQioi)],

 LI2 = (Qi2- 2Q1 I Qio, - QiaoQio2 + 2QiIoQo i),

 L03 = Z (Q03- 3QiO2QiO + 2Q io).

 The function u(,u, u) considered in this paper can be classified as one of the following types:

 U ) fi (A. 1)

 u(U, ) = c(O)fg dA (A.2)

 or

 u(,u, ) = f c(O)fg A J c(Ofjg dA
 U (', O- - . D1Dj (A.3)
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 i $ j, where c(O) is some simple function of 0 and

 Di = fg dO.

 The derivatives for type (A.3) may be readily obtained from the derivatives for type (A.2). For (A. 1)
 and (A.2), let Air, be fgr, and f c(O)fgr, dO, respectively. Then the derivatives for (A. 1) and (A.2)
 evaluated at (,u, 5) may be summarized as follows:

 u = A oo140oo,

 U1 = (Aio -AiooQijo)1Iioo

 U2= (AiO -AiooQiol)lIi

 U11 = (Ai20- 2AioQio -AiooQi2O + 2Aioo 0Q )/Iio,

 U22 = (AiO2 - 2Aio Qiol - AiooQiO2 + 2AiooQo)/Io,

 U12= (Ai - AioQo - Aol Qijo - AiooQil1 + 2AiooQ11oQ101)/IIoo,

 U21= (Ai, - A1ol Qijo + AioQiol - Aioo0Qij I+ 2AiooQioi Qijo)/Iioo.
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