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Chapter 1
Introduction and Definitions
In 1917, Soichi Kakeya proposed the following geometric problem [19]: find a figure of the
least area on which a needle of length 1 can be turned continuously through 360o . Solved
soon thereafter by Besicovitch [4], this seemingly innocuous geometric query became the
launching pad for what is known today as the Kakeya problem. At its core, the modern
version of the problem asks just how small certain sets in Rn can be. Before we can make
this matter more precise though, we must ﬁrst deﬁne what we mean by a Kakeya set.
Unless otherwise stated, we will always work in two dimensions or higher so that when
we speak of Rn we require n ≥ 2. Generally speaking then, a Kakeya set is simply any set
which contains a unit line segment in every direction 1 . Clearly, there are many familiar
examples of such a set, the most obvious of which is surely the unit n-ball. In 1920
however, Besicovitch [3] gave an example that was far from familiar, one of a Kakeya set
in the plane of Lebesgue measure zero. Perhaps a noteworthy curiosity at the time, over
the course of the last forty years Besicovitch’s example has proven to be of paramount
interest, becoming a touchstone of modern analytical research.
Besicovitch was originally interested in solving the following problem in Riemann
integration: given a Riemann-integrable function f on R2 , must there exist a rectangular coordinate system (x, y) such that f (x, y) is a Riemann-integrable function of x
for
∫ ∫ each fixed y, and the two-dimensional integral of f is equal to the iterated integral
f (x, y)dxdy? The solution to this problem required Besicovitch to construct a set of
segments of length 1 of all directions, such that its Jordan [Lebesgue] measure is zero. It
was later pointed out to Besicovitch that his solution could be easily modiﬁed to resolve
the Kakeya needle problem. In 1926, Besicovitch [4] published this solution along with
the ﬁrst explicit constrution of a Kakeya set with Lebesgue measure zero2 .
We note that once we have a Kakeya set in the plane with measure zero, we immediately have Kakeya sets in any Rn with measure zero just by taking the direct product
1
2

Note that any requirement of “continuous movement” of these segments has been dropped.
See [24] for further history.
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of the former set and any unit cube of n − 2 sides. In many ways, these sets are higher
dimensional analogues of the classical Cantor set, but as we shall see the true structure
of the Kakeya set lies within its geometry. Additionally, a better knowledge of these sets
will aﬀord us a deeper understanding of dimensionality in general.
Besicovitch’s original construction involves a meticulous dissection and translation
of triangles. Many alternate constructions have since been devised; we refer the reader
to [27] and [32] for two of the most classical. We will not spend time on an explicit
construction ourselves since the options are well documented in the literature already.

1.1

Kakeya Set Conjectures

In what follows, S n−1 will always denote the set of directions or unit rays planted at the
origin in Rn . We take the following as our formal deﬁnition of a Kakeya set.
Definition 1.1.1. A Kakeya set is a Borel set K ⊂ Rn that contains a unit line
segment in every direction, i.e.
[
]
1 1
n−1
n
∀e∈S
∃ a ∈ R : a + te ∈ K ∀ t ∈ − ,
.
2 2
For obvious reasons, Kakekya sets are also referred to as Besicovitch sets in much of
the literature, but we will use the terminology of the above deﬁnition for this exposition.
As mentioned earlier, the main problem is to decide how small a Kakeya set can be.
Of course, we need to make precise what we mean by “how small.” There are many
ways to do this in terms of various fractal dimensions, but we will concern ourselves with
the most classical version in terms of the Hausdorﬀ dimension. For completeness, we
will provide a brief introduction to the subject of Hausdorﬀ dimension that will prove
suﬃcient for our purposes.
For any d ∈ R, ϵ > 0, E ⊂ Rn , deﬁne
{∞
}
∞
∑
∪
Hdϵ (E) = inf
rjd : E ⊆
B(xj , rj ), rj < ϵ ,
j=1

j=1

where B(xj , rj ) denotes the ball centered at xj ∈ Rn of radius rj . Notice that the inﬁmum
is taken over all countable coverings of E by unions of balls with radii less than ϵ. Notice
also that as ϵ → 0, Hdϵ (E) is nondecreasing by deﬁnition of the inﬁmum. Hence the limit
exists and we deﬁne
Hd (E) = lim Hdϵ (E)
ϵ→0

to be the d-dimensional Hausdorff measure of the set E.
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With an eye to technicality, notice that Hd is really just an outer measure. Using the
standard theory however, we know that Hd is in fact an honest measure on the Borel
subsets of Rn (see [16] for example).
We wish to deﬁne the Hausdorff dimension of the set E; to do this, we need to
establish a few basic facts.
Fact 1.1.2. Hd (E) is a nonincreasing function of d.
Proof. Suppose d1 < d2 and ϵ ≤ 1. Then Hdϵ2 (E) ≤ Hdϵ1 (E), verifying the fact.
Fact 1.1.3. If E ⊆ F , then Hd (E) ≤ Hd (F ).
Proof. Since E ⊆ F , any cover of F will also be a cover of E. The result then follows by
the deﬁnition of inﬁmum.
Fact 1.1.4. If d > n, then Hd (E) = 0 for all E ⊆ Rn .
Proof. In light of Fact 1.1.3, we ﬁx d > n and aim to show that Hd (Rn ) = 0.
Rather than work with covers consisting of balls of certain radii, we will consider
covers comprised of cubes with a certain side length, s. The volume of any such cube is
clearly equal to the volume of a ball of radius s up to some constant multiple depending
only on n.
Fix ϵ > 0 and let j0 be such that Cn,d · 2−j0 (d−n) < ϵ where the constant Cn,d will be
determined later. Let m̄ = (m1 , . . . , mn ) ∈ Zn and consider the corresponding “integer
box”
n
∏
[mi , mi + 1).
i=1

For any m̄, we can clearly cover its integer box with an essentially disjoint union of dyadic
cubes, each with side length 2−j for any j ≥ 0. Let {m̄0 , m̄1 , . . .} be an enumeration of
Zn and for any m̄i we cover the corresponding integer box by dyadic cubes of side length
2−(j0 +i) . Notice that the number of such cubes needed to do this is precisely 2n(j0 +i) ;
consequently, we have a countable covering of Rn . Let {E1 , E2 , . . .} be an enumeration
of this covering and let sk denote the side length of the kth cube. Then
∑
k

sdk =

∞
∑
j=j0

2nj · 2−dj =

∞
∑
(

2n−d

j=j0

)j

=

2−j0 (d−n)
,
1 − 2n−d

since d > n implies that 2n−d < 1. Setting Cn,d = (1 − 2n−d )−1 , we see that the above
expression is less than ϵ. Thus
∑
Hdϵ (Rn ) .
sdk < ϵ
k

and letting ϵ → 0 gives Hd (E) = 0 for all E ⊆ Rn .
3

As in the proof above, we will always use the notation A . B to mean that there exists
some absolute constant C such that A ≤ C · B. Sometimes we will also write A .r B
to emphasize that the implicit constant depends on the ﬁxed parameter r. Similarly, we
write A & B to mean that there exists some absolute constant C such that A ≥ C · B.
The notation A ∼ B will signify that both A . B and A & B hold. This notation is
extremely convenient in what follows because we often do not need to keep track of the
constants from line to line; we usually only require the knowledge that this constant does
not depend on the variable parameters of the objects in question.
After one more fact, we will be ready to deﬁne the Hausdorﬀ dimension of a set.
Fact 1.1.5. To any E ⊆ Rn there exists a unique d0 ≤ n such that Hd (E) = ∞ for all
d < d0 and Hd (E) = 0 for all d > d0 .
Proof. Clearly, H0 (E) = ∞ so deﬁne d0 = sup{d : Hd (E) = ∞}. By Fact 1.1.4, d0 ≤ n
and since Hd (E) is nonincreasing in d, we have that Hd (E) = ∞ for all d < d0 . Now
suppose that d > d0 and let β ∈ (d0 , d). Clearly, Hβ (E) < ∞. So by deﬁnition, if ϵ > 0,
∑
then we can ﬁnd a covering of E by balls of radii rj < ϵ with j rjβ ≤ 1 + Hβ (E). Thus,
∑
j

rjd =

∑

(d−β)+β

rj

j

< ϵd−β

∑

rjβ ≤ ϵd−β (1 + Hβ (E)) −→ 0 as ϵ → 0.

j

Therefore, Hd (E) = 0.
Definition 1.1.6. The d0 defined in Fact 1.1.5 is called the Hausdorff dimension of
the set E ⊂ Rn and is generally denoted by dimH (E).
With this deﬁnition in hand, we can now formally state the Kakeya conjecture.
Conjecture 1.1.7 (Kakeya Set Conjecture). If K ⊂ Rn is a Kakeya set, then dimH (K) =
n.
For n = 2, the conjecture has been conﬁrmed since 1971. This is originally due to
Davies [12] and we will prove the result ourselves in Chapter 4, although our approach
will follow a more modern route. For n ≥ 3, the conjecture remains open.
The Hausdorﬀ dimension oﬀers a way to quantify the size of a set in Rn , just as
Lebesgue measure does. We will say a set in Rn has full dimension if its Hausdorﬀ dimension is exactly n. Any set of positive Lebesgue measure necessarily has full dimension
but it is also true that zero Lebesgue measure sets can have full dimension. The most
common examples of such sets are certain fractal sets (e.g. Julia sets or Peano curves)
and we refer the reader to Falconer’s excellent text on the subject [14]. The terminology of “fullness” is a good one when discussing dimensionality, both conceptually and to
distinguish the idea from that of the “volume” of a set with respect to Lebesgue measure.
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What this means for Kakeya is the following. From Fact 1.1.4, we know that dimH (E) ≤
n for any E ⊂ Rn , including the case when E is Kakeya. The Kakeya conjecture asserts
that Kakeya sets have full dimension. So even though these sets may have Lebesgue
measure zero, they still ﬁll out enough of Rn to not lose anything in terms of dimension.
We can draw an analogy from the realm of physics to put the situation in a more intuitive, albeit heuristic, perspective. Matter is classically deﬁned to mean anything that
has mass and occupies volume. Naturally we think of the Lebesgue measure of a set
as its volume and we can consider its Hausdorﬀ dimension to be a quantiﬁcation of its
mass. A zero Lebesgue measure Kakeya set K is not made of matter (it has no volume),
but if the set conjecture were true, then we would know that K still has mass, in fact
it has as much mass as the unit n-ball. In this way, the set K would appear similar to
a system of photons with so much energy as to be equivalent to the mass of an actual
rubber ball. This would be the content of the full conjecture. Obviously, partial progress
on the conjecture would come in the form of a lower bound for dimH (K), K a Kakeya
set, and these types of lower bounds are precisely what we will concern ourselves with
for the majority of this exposition.
This is all very nebulous of course, and this philosophical approach is by no means
the only motivation for studying the Kakeya problem. A better understanding of Kakeya
means a richer and more powerful analytical arsenal is at our disposal when attempting
to analyze functions and operators deﬁned on submanifolds in Rn . As we will see in
Chapter 8, the Kakeya problem is intimately related to the question of Bochner-Riesz
summability and to the restriction conjecture, both of which tackle problems in analysis
of objects lying in a larger dimensional space.
Although we will not dwell on the matter here, another formulation of the Kakeya
problem is in terms of the Minkowski dimension of a set.
Definition 1.1.8. Let E ⊂ Rn , ϵ > 0. Let Nϵ (E) denote the smallest number of cubes
of side-length ϵ that cover E. Define the Minkowski dimension of E to be
log Nϵ (E)
.
ϵ→0 log(1/ϵ)

dimM (E) = lim

If this limit does not exist, then we can only define the upper and lower Minkowski
dimensions corresponding to the limit superior and limit inferior respectively in the
above expression.
We note that there are many equivalent formulations of the Minkowski dimension of
a set; see [14] for a thorough discussion.
Conjecture 1.1.9. If K ⊂ Rn is a Kakeya set, then dimM (K) = n.
It is well known that the upper and lower Minkowski dimensions of a set in Rn
majorize its Hausdorﬀ dimension so that lower bounds for the latter imply lower bounds
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for the former; hence this conjecture too is settled for n = 2. We will not say much
more about the Minkowski dimension formulation of the Kakeya problem; the current
best results for the upper Minkowski dimension are due to Katz, Laba and Tao [20].

1.2

The Kakeya Maximal Function

There is a third, more quantitative formulation of the Kakeya problem in terms of maximal functions. It is this formulation that we will work with throughout the remainder of
this essay as it is not only the most natural thing to study from an analytical perspective,
but also because maximal function estimates imply Hausdorﬀ dimension estimates as we
will show in Chapter 2.
Maximal functions are essentially averaging operators; they average a function over a
certain collection of domains and then take the largest of these averages. The collection
of domains that we will be concerned with are thin tubes which we can formally deﬁne
as follows.
For any δ > 0, e ∈ S n−1 and a ∈ Rn , let
1
Teδ (a) = {x ∈ Rn : |(x − a) · e| ≤ , |proje⊥ (x − a)| ≤ δ},
2

(1.1)

where e⊥ is the hyperplane through the origin with e as normal vector. This deﬁnes Teδ (a)
to be a tube centered at a of unit length oriented in the e direction with cross-sectional
radius δ. We will always take δ ≪ 1 and will often omit the center of the tube from the
notation. As we will see, for many applications it is the orientation and the thickness of
the tube that will matter for our purposes, not the exact location in space. We will also
use the notation C · Teδ (a) to denote the (C × Cδ × · · · × Cδ)-tube centered at a, oriented
in the e direction. Usually, C will denote some constant, but clearly the notation makes
sense for any numerical quantity C that we specify.
We should elaborate here on the representation given in (1.1). Notice that if we
choose an orthonormal basis for e⊥ , say ζ1 , . . . , ζn−1 , then for any x ∈ Teδ (a) we can write
x − a = αe +

n−1
∑

αi ζi

(1.2)

i=1

)
(∑n−1
2 1/2
≤ δ. We will often only need the fact that |αi | ≤ δ,
where |α| ≤ 21 and
i=1 |αi |
but it is important to keep equation (1.1) and the true conditions on the parameters αi
in mind. Also note that for x ∈ Teδ (a), |(x − a) · v| ≤ δ for all unit vectors v orthogonal
to e if and only if |proje⊥ (x − a)| ≤ δ. This fact, along with the representation in (1.2),
will become quite important later, speciﬁcally in Chapters 3 and 6.
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These tubes can be viewed as essentially δ-neighborhoods of a unit line segment and it
is this interpretation that makes studying such objects natural in the context of Kakeya
sets. We will often speak of this unit line segment as the “principal axis” of a tube Teδ (a)
and we remark here that this will always be identiﬁed as the unit line segment given by
the intersection of the unique line through a oriented in the e direction with the tube
Teδ (a).
Now imagine taking a δ-neighborhood of a Kakeya set K ⊂ Rn . Then there must be
a subset of this neighborhood Kδ that will be a union of precisely these tubular objects
just deﬁned. Now consider the characteristic function of this δ-neighborhood, i.e. the
function χKδ that is equal to 1 on Kδ and is 0 otherwise. If we integrate this function,
we get a measure of the “fullness” of this set. Heuristically, if we understand how this
fullness changes as we let δ → 0, then we can draw certain conclusions about the fullness
of the actual Kakeya set K. We will show precisely how this can be done in the next
chapter with the aid of the maximal function that we now deﬁne. Note that all mention
of Lp spaces are with respect to the Lebesgue measure on Rn or with respect to the
surface measure on S n−1 induced by the Lebesgue measure on Rn . Which one we mean
will be obvious from the context.
Definition 1.2.1. Let f ∈ L1loc (Rn ) and define the Kakeya maximal function fδ∗ :
S n−1 → R via
∫
1
∗
fδ (e) = sup δ
|f (y)|dy.
(1.3)
a∈Rn |Te (a)| Teδ (a)
Equivalently, we will often write
fδ∗ (e)

1
= sup
T ∥e |T |

∫
|f (y)|dy,

(1.4)

T

where the supremum is taken over all tubes T with length 1 in the e direction and width
δ in all orthogonal directions.
A few words about this deﬁnition are in order since this will be the main object of our
analysis in the subsequent pages. First, the requirement that f ∈ L1loc (Rn ) is to ensure
that fδ∗ is well-deﬁned; in practice, we will always be interested in functions from the
much smaller Lp spaces, 1 ≤ p ≤ ∞. Secondly, the maximal function is a supremum of
averaging operators over thin tubes pointing in a given direction, so in particular it is not
a linear operator. The location of these tubes in space is immaterial since the operation
of integration requires us to average only over those parts of the tubes that intersect the
support of f . It is clear that equations (1.3) and (1.4) are consistent and we will usually
prefer to use (1.4) for the sake of brevity. Unless otherwise stated, all unspeciﬁed tubes
T will always be (1 × δ × · · · × δ)-tubes in Rn .
As mentioned prior to the deﬁnition, the maximal function should give us a way to
measure the fullness of a Kakeya set, at least in some sense. To do this, we will have
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to consider the maximal function as an operator acting on functions in some Lp space3 .
We will be interested in majorizing the norm of this Kakeya operator by some quantity
that will depend on the size of the space n, the size of the tubes we average over δ,
and (presumably) the value of p. This will be the substance of the third and strongest
conjecture, the one with which we will occupy most of our time.
Conjecture 1.2.2 (Kakeya Maximal Function Conjecture).
∀ ϵ > 0 ∃ Cϵ : ||fδ∗ ||Ln (S n−1 ) ≤ Cϵ δ −ϵ ||f ||Ln (Rn ) .

(1.5)

Notice that the estimate (1.5) puts a majorant on the norm of the maximal function
as an operator from Ln to Ln and that this n is the same as the dimension of the space
Rn . The assertion of the conjecture may feel artiﬁcial and unmotivated, but as we will
see from the next proposition, this is indeed the reasonable thing to expect.
En route to the estimate (1.5), we will study estimates of the form
||fδ∗ ||Lq (S n−1 ) ≤ Kδ (p, n)||f ||Lp (Rn )

(1.6)

where Kδ (p, n) is a constant depending only on p and n for any ﬁxed δ ≪ 1. In this
notation, we see that the maximal function conjecture is simply that Kδ (p, n) = O(δ −ϵ )
for all ϵ > 0. Usually we will take q = p. Hypothetically, the constant Kδ (n, p) could
depend on the ﬁxed parameter q as well, although in practice this is never the case, as
we shall see.
Proposition 1.2.3.
1. The Kakeya operator is bounded as a sublinear operator mapping L∞ (Rn ) → L∞ (S n−1 )
and L1 (Rn ) → L∞ (S n−1 ). In fact,

and

||fδ∗ ||∞ ≤ ||f ||∞

(1.7)

||fδ∗ ||∞ . δ −(n−1) ||f ||1

(1.8)

2. For any 1 ≤ q ≤ ∞, if p < ∞, there can be no bound of the form
||fδ∗ ||q ≤ C||f ||p

(1.9)

with C independent of δ.
3

The notation for the maximal function given above (due to Bourgain [6]) is standard but unfortunate
when we view it as an operator. We will often have occasion to speak of the norm of this operator from
one Lp space to another. For this reason, when we speak of the maximal function as an operator we will
not use the standard shorthands to avoid confusion between conventional understanding of notation in
operator theory and our own notation.
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Proof. The L1 and L∞ bounds follow by making the obvious estimates. For the second
part of the proposition, let K be a Kakeya set in Rn , Kδ be its δ-neighborhood, and let
f = χKδ . Then fδ∗ (e) = 1 for all e ∈ S n−1 ; consequently, for any 1 ≤ q ≤ ∞ we have
1
||fδ∗ ||q ∼ 1. Now let p < ∞ and compute ||f ||p = |Kδ | p . If we have an estimate as in
(1.7), then this example gives
1
1 . C|Kδ | p .
By deﬁnition, we have limδ→0 |Kδ | = 0, so in order for the above estimate to hold, it
must be that C → ∞ as δ → 0.
This proposition suggests that the ideal bound in (1.6) should take the form Kδ (p, n) =
O(δ −α ) for some α > 0. In fact, we see now that the conjectured bound Kδ (p, n) = O(δ −ϵ )
for all ϵ > 0 would be truly optimal. Further evidence for this will come in Chapter 4
when we show Córdoba’s L2 estimate which gives precisely this bound in R2 . But perhaps
more suggestive is the proposition in Section 2.3 that asserts if indeed Kδ (p, n) = O(δ −ϵ )
for all ϵ > 0, then dimH (K) = n for any Kakeya set K ⊂ Rn . Before we begin this
program of study however, it is prudent to mention a problem very similar to Kakeya,
that of Nikodym sets.

1.3

The Nikodym Maximal Function

Closely related to Kakeya sets is the problem of Nikodym sets. Both these objects
became a subject of study around the same time and with good reason. The two objects
are intimately related as we will see in more detail in Chapter 3.
Definition 1.3.1. A Nikodym set is a Borel set N ⊂ Rn such that for every a ∈ Rn
there exists a line l through a such that N ∩ l contains a unit line segment.
Just as with Kakeya, we have the following conjectures.
Conjecture 1.3.2. If N ⊂ Rn is a Nikodym set, then dimH (N ) = n.
Conjecture 1.3.3. If N ⊂ Rn is a Nikodym set, then dimM (N ) = n.
There is also a Nikodym maximal function.
Definition 1.3.4. Let f ∈ L1loc (Rn ) and define the Nikodym maximal function
fδ∗∗ : Rn → R via
∫
1
∗∗
fδ (x) = sup δ
|f (y)|dy,
T δ ∋x |T | T δ
where the supremum is taken over all (1 × δ × · · · × δ)-tubes that contain the point x.
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Similarly, there is a maximal function conjecture.
Conjecture 1.3.5 (Nikodym Maximal Function Conjecture).
∀ ϵ > 0 ∃ Cϵ : ||fδ∗∗ ||Ln (Rn ) ≤ Cϵ δ −ϵ ||f ||Ln (Rn ) .

(1.10)

At ﬁrst glance, it may appear that the Nikodym maximal function is actually the
more natural one to work with when studying the size of Kakeya sets; indeed, this is
the function Córdoba [11] ﬁrst applied to the analysis. The Kakeya maximal function
enjoys more convenient analytical properties though and so has become the main object
of interest over time. It is clear that Nikodym and Kakeya sets share similar bits of
dimensional oddity, but what is truly amazing is that they hold essentially the same
oddities. We will see in Chapter 3 that the Nikodym and Kakeya set conjectures are
actually equivalent. In fact, we will give Tao’s proof [30] that the maximal function
conjectures are equivalent.
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Chapter 2
Basic Analysis
We wish to study estimates of the form
||fδ∗ ||Lq (S n−1 ) ≤ Kδ (p, n)||f ||Lp (Rn ) ,

(2.1)

for 1 ≤ q ≤ ∞. As we have seen in Proposition 1.2.3 (2), we expect the bound in this
estimate to take the form Kδ (p, n) = Cϵ,p,n δ −α−ϵ for some ﬁxed α ≥ 0 and an arbitrary
ϵ > 0. In this chapter we will acquire some basic tools for dealing with these types of
estimates and gain some intuition into their subtlety and scope.
Section 2.1 will be a short list of some of the immediate simpliﬁcations we can make
when proving an estimate as in (2.1). Section 2.2 will take us through an analysis of
the local nature of the problem and reduce matters further to the case when f ∈ Lp has
support contained in the unit n-ball. In Section 2.3 we will show explicitly how estimates
on the maximal function imply estimates on the Hausdorﬀ dimension of Kakeya sets in
Rn and so show that Conjecture 1.2.2 implies the two set conjectures of the previous
chapter. Section 2.4 is less essential to the subsequent analysis, but it will serve as a
bridge between our approach to the problem and the various approaches that can be
found in much of the other literature. It will also acquaint the reader with some of the
subtleties of working with oﬀ-diagonal, i.e. Lp → Lq , type estimates.

2.1

Easy Observations

One immediate thing to notice about the estimate (2.1) is that it will always suﬃce to
assume that f is nonnegative. Indeed, this follows from the deﬁnition of the maximal
function itself and simply because f ∈ Lp (Rn ) a priori. More precisely, we have the
following.
Fact 2.1.1. If (2.1) holds for nonnegative f ∈ Lp , then it holds for all functions in Lp .
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Proof. ||f ||p = ||(|f |)||p for any f ∈ Lp (Rn ), so using equation (1.3) or (1.4) we see that
||fδ∗ ||q = ||(|f |)∗δ ||q ≤ Kδ (p, n)||(|f |)||p = Kδ (p, n)||f ||p ;
thus if (2.1) holds for f ≥ 0, then it holds for all f ∈ Lp .
Fact 2.1.1 will be used repeatedly and without mention in the remainder of the essay.
Another easy observation we can make is that we can work with a simpliﬁed form of
the Kakeya operator, one where we restrict the domain of the maximal function itself.
Fact 2.1.2. In the context of (2.1), the domain of the maximal function fδ∗ , initially
1
defined on S n−1 , can be restricted to the set of all directions that lie within 10
of the
1
vertical en .
Verifying the fact will allow us to deﬁne and brieﬂy work with several objects that
will prove to be invaluable in our later analyses.
Definition 2.1.3. We say a set Ω ⊂ S n−1 is r-separated if for all ω, ω ′ ∈ Ω we have
|ω − ω ′ | ≥ r. We also say that a set Ω ⊂ S n−1 is maximally r-separated if Ω is
r-separated and any other set properly containing Ω is not.
1
Proof of Fact 2.1.2. To prove the claim, we let Ω be a maximally 10
-separated set such
n−1
that en ∈ Ω. This separation deﬁnes a covering of S
by caps Ci centered at each point
1
of Ω of radius 10
. Since |S n−1 | < ∞, we know that the number of such caps is just some
constant N depending on n. Let C1 be the cap with center en . Now
∫
∗ q
||fδ ||Lq (S n−1 ) =
fδ∗ (e)q de
n−1
∫S
= ∪
fδ∗ (e)q de
N
i=1

≤
=

N ∫
∑
i=1
N
∑

Ci

fδ∗ (e)q de

Ci

||fδ∗ ||qLq (Ci ) ,

i=1

so (2.1) would follow by proving the estimate
||fδ∗ ||Lq (Ci ) ≤ Kδ (p, n)||f ||p
1

(2.2)

Note that there is nothing special about the subset of directions we have chosen here, as any spherical
cap of fixed size (not dependent on δ) would suffice.
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for each i. But we can always rotate any cap so that its center is at en ; thus we should be
able to reduce the matter to only verifying (2.2) for i = 1. Indeed, suppose (2.2) holds
for i = 1. For any other i, let U be the rotation that maps the center of Ci to en . Then
(∫
)1/q (∫
)1/q
∗
∗
q
∗
−1 q
||fδ ||Lq (Ci ) =
fδ (e) de
=
fδ (U e) de
.
(2.3)
Ci

C1

Playing with the deﬁnition of the maximal function, we see that
∫
1
−1
∗
f (y)dy
fδ (U e) = sup
T ∥U −1 e |T | T
∫
1
= sup
f (U −1 y)dy
|U
(T
)|
U (T )∥e
U (T )
= (fU )∗δ (e)
where fU (x) = f (U −1 x). Thus by hypothesis, (2.3) becomes
(∫
)1/q
∗
q
(fU )δ (e) de
≤ Kδ (p, n)||fU ||p = Kδ (p, n)||f ||p ,
C1

verifying the claim.
So it will suﬃce to work with this restricted version of the maximal function; in fact,
for the remainder of this essay we will work solely with this restricted maximal function.
This will help us avoid some annoying technicalities in many of our geometrical arguments
by not having to consider how antipodal directions interact. In addition, this will also
2
allow us to comfortably use the approximations sin θ ∼ θ and cos θ ∼ 1 − θ2 whenever θ
1
denotes the angle between two directions within 10
of the vertical. Indeed, we will use
these approximations often and without mention in much of the following. From this
point, we will take fδ∗ to denote this restricted maximal function.
A ﬁnal simple observation we can make is the following.
Fact 2.1.4. If Kδ (p, n) = O(δ −α−ϵ ) in (2.1), then we must have that p ≥

n
.
1+α+ϵ

Proof. To see this, let f = χB(0,δ) . Then for all e ∈ S n−1 , the tube Teδ (0) contains B(0, δ)
n
& δ; hence, ||fδ∗ ||p ∼ δ. Now since ||f ||p ∼ δ p , we see that we
and so fδ∗ (e) = |B(0,δ)|
|T δ (0)|
e

require δ . δ p −α−ϵ , or equivalently, p ≥
n

n
.
1+α+ϵ

These types of results are the ﬂavor of the present chapter. By continuing to study
the fundamental nature of estimates like (2.1), we can become more comfortable with
their implications, nuances and structure before we must dive into the main theorems of
Chapters 4, 5 and 6.
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2.2

Spatial Localization

By deﬁnition, fδ∗ lives on a compact space; when viewed as an operator, it takes functions
living on all of Rn and maps them to functions living on S n−1 . It is the objective of this
section to show that the behavior of the Kakeya operator is completely determined by
how it acts on functions locally. This is essentially an artifact of fδ∗ being an averaging
operator over precompact sets of ﬁxed size. This is the ﬁrst signiﬁcant reduction to the
Kakeya problem that we will make and it will be used in virtually all subsequent results.
Proposition 2.2.1. Let p ≥ n and let B(0, 1) denote the unit n-ball centered at the
origin. If (2.1) holds for all f ∈ Lp with support contained in B(0, 1), then (2.1) holds
for all f ∈ Lp (Rn ) with Kδ (p, n) replaced by C0 · Kδ (p, n) for some absolute constant C0 .
Perhaps the natural thing to hope for is to approximate an arbitrary Lp function by
one with compact support and use a density argument to extend the estimate to all of Lp .
The problem with this method is that it forces the bound Kδ (p, n) in (2.1) to depend on
the supports of our approximating C0∞ functions. Clearly this no good. Instead, we will
decompose our arbitrary Lp function into pieces with compact and essentially disjoint
support. This will allow us to take advantage of the fact that our maximal function takes
an average over sets of ﬁxed size, namely ∼ δ n−1 .
To simplify the proof of the proposition, we begin with a lemma that will exploit both
the doubling property and the translation invariance of Lebesgue measure.
Lemma 2.2.2. Let p ≥ n, C some absolute constant. If (2.1) holds for all f ∈ Lp with
support contained in B(0, 1), then (2.1) holds for all f ∈ Lp with supported contained in
B(a, C) for any a ∈ Rn , again with Kδ (p, n) replaced by C1 · Kδ (p, n) for some absolute
constant C1 .
Proof. Let f ∈ Lp , a ∈ Rn be such that supp(f ) ⊂ B(a, C). Write
∫
1
∗
fδ (e) = sup
f (y)dy
T ∥e |T | T
and make the substitution x = y−a
in the integral. If we deﬁne fU (x) = f (Cx + a), then
C
we have
∫
C
∗
fδ (e) = sup
fU (x)dx.
(2.4)
1
T ∥e |T | C
(T −a)
Now

1
(T
C

− a) is a ( C1 ×

δ
C

× · · · × Cδ )-tube centered near the origin. We can cover this
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tube by T −

a
C

and thus (2.4) becomes
fδ∗ (e)

∫
C
fU (x)dx
≤ sup
a
T ∥e |T | T − C
∫
C
= sup
fU (x)dx
T ∥e |T | T
∼ (fU )∗δ (e)

So using our hypothesis,
||fδ∗ ||p . ||(fU )∗δ ||p
≤ Kδ (p, n)||fU ||p
∼ Kδ (p, n)||f ||p ,
verifying the lemma.
Proof of Proposition 2.2.1. We start by covering Rn with closed integer boxes, i.e. sets
of the form
n
∏
Qm̄ =
[mj , mj + 1]
j=1

with m̄ = (m1 , . . . , mn ) ∈ Z . This essentially partitions Rn so that we may take an
arbitrary f ∈ Lp (Rn ), 1 ≤ p ≤ ∞, and deﬁne fm̄ (x) = f (x)χQm̄ (x) so that
∑
f (x) =
fm̄ (x) a.e.
(2.5)
n

m̄

Of course, everything is with respect to Lebesgue measure on Rn . Notice that equality
holds everywhere in the interior of any Qm̄ , but that the righthand side of (2.5) is a
constant multiple of f (x) depending only on the ambient dimension n whenever x is on
the boundary of some integer box (and so in the intersection of a ﬁxed number of integer
boxes, again depending on the dimension of the space). If we think of both sides as
merely functions in Lp , then there is no ambiguity in taking the equality at face-value.
Indeed, this is how we will exploit it in the proof.
Fix p ≥ n and assume that (2.1) holds for any Lp function with support inside B(0, 1).
Fix e ∈ S n−1 ; then there exists some Teδ (a) such that
∫
∫
∑
2
2
∗
f (x)dx = δ
fm̄ (x)dx.
(2.6)
fδ (e) ≤ δ
|Te (a)| Teδ (a)
|Te (a)| Teδ (a) m̄
Note that the ﬁrst inequality in (2.6) is not a cheat; indeed, such a tube Teδ (a) must exist
by deﬁnition of the supremum. Clearly there must also exist some m̄0 ∈ Zn such that
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Teδ (a) ∩ Qm̄0 ̸= ∅. Since Teδ (a) has length 1, we see that Teδ (a) ∩ Qm̄ = ∅ for all integer
boxes not immediately adjacent to Qm̄0 . To be more precise, this means that
Teδ (a) ∩ Qm̄ ̸= ∅ ∀ m̄ ∈ Zn : Qm̄ ∩ Qm̄0 ̸= ∅.

(2.7)

As in our discussion of equation (2.5), there are only ﬁnitely many multi-indeces m̄ that
satisfy this relation for any ﬁxed m̄0 and this number is some determinable constant
depending only on n. This allows us to localize the operator by only examining a ﬁnite
number of the fm̄ ; consequently, we have that (2.6) is equal to
∫
∑∗
∑∗
1
f
(x)dx
≤
(fm̄ )∗δ (e),
(2.8)
m̄
m̄
m̄
|Teδ (a)| Teδ (a)
∑
where ∗m̄ denotes the sum over all indices m̄ satisfying (2.7). We dominate (2.8) by
applying Hölder and simplify:
∑∗

(fm̄ )∗δ
m̄

(e) ≤

(∑ ∗
m̄

1

p′

)1/p′ (∑∗
m̄

|(fm̄ )∗δ (e)|p

)1/p

.n ||(fm̄ )∗δ (e)||lp (Zn ) ,
where p′ is the dual exponent to p. Notice that the condition (2.7) has disappeared;
indeed, we only required it to apply Hölder. Thus we arrive at our critical pointwise
inequality:
fδ∗ (e) . ||(fm̄ )∗δ (e)||lp (Zn ) .
Taking Lp norms and raising both sides to the pth power, we see that
∫
∑
∗ p
||fδ ||Lp (S n−1 ) .
|(fm̄ )∗δ (e)|p de
S n−1 m̄

=

∑

||(fm̄ )∗δ ||pLp (S n−1 ) .

(2.9)

m̄

We want to apply our hypothesis to the functions fm̄ but unfortunately they are not
quite supported in the unit ball. For any ﬁxed m̄, this is easy to remedy though. Notice
that fm̄ is supported in Qm̄ and that Qm̄ ⊂ B(a, C) for some a ∈ Rn and some absolute
constant C. This constant is the scaling factor necessary
√ to engulf a unit n-cube by an
n-ball of this radius; evidently then, we can take C > n and apply Lemma 2.2.2. Thus,
∑
∑
||(fm̄ )∗δ ||pLp (S n−1 ) .
Kδ (p, n)p ||fm̄ ||pLp (Rn ) = Kδ (p, n)p ||f ||pLp (Rn ) .
(2.10)
m̄

m̄

Combining this with (2.9) proves the proposition.
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We note that Proposition 2.2.1 can be strengthened to make a spatial locality statement about Lp → Lq estimates for q > p. The same proof that we have given
∑ will work
with a minor adjustment to the ﬁnal line. We cannot immediately write m̄ ||fm̄ ||qp =
||f ||qp in (2.10), so instead we apply the binomial theorem to bound the lefthand side by
the righthand side.
We end this section by remarking that a statement completely analogous to Proposition 2.2.1 holds for the Nikodym maximal function. More precisely, we have
Proposition 2.2.3. If

||fδ∗∗ ||Lq (Rn ) ≤ Nδ (p, n)||f ||Lp (Rn ) ,

(2.11)

holds for all f ∈ Lp with support contained in B(0, 1), then (2.11) holds for all f ∈ Lp (Rn )
with Nδ (p, n) replaced by C0 · Nδ (p, n) for some absolute constant C0 . Here, Nδ (p, n) is
a constant depending only on p and n for any fixed δ ≪ 1.
The proof is identical to that of Proposition 2.2.1, as the reader will have no trouble
verifying. We will need to utilize both propositions in this section to prove our main
result of Chapter 3, although Proposition 2.2.3 will not be needed beyond that point.

2.3

Maximal Function Estimates and
Hausdorff Dimensionality

Suppose we are given an estimate on the maximal function of the form
∀ ϵ > 0 ∃ Cϵ : ||fδ∗ ||Lq (S n−1 ) ≤ Cϵ δ −α−ϵ ||f ||Lp (Rn ) ,

(2.12)

for some α ≥ 0. Given such an estimate, we want to attain a lower bound on the
Hausdorﬀ dimension of Kakeya sets in Rn and thus demonstrate the relationship between
Conjectures 1.1.7 and 1.2.2. Speciﬁcally, we will establish the following:
Proposition 2.3.1. Let K be a Kakeya set in Rn . Suppose (2.12) holds for some α ≥ 0,
p, q < ∞. Then dimH (K) ≥ n − pα.
Notice that if α = 0, q = p = n, then (2.12) reduces to the Kakeya maximal function
conjecture. This proposition is the essential component that ties the analytical problem
to the geometric one. This is so useful that we will prove something even more general in
order to aﬀord ourselves a wider range of application. First though, we make a deﬁnition.
Definition 2.3.2. An operator T is restricted weak type (p,q) with norm ≤ A,
written
||T f ||q,∞ ≤ A||f ||p,1 ,
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(

1

A|E| p
λ

if |{x : |T χE (x)| ≥ λ}| ≤

)q
for all sets E with finite measure and all λ ∈ (0, 1],

where χE denotes the characteristic function of the set E.
Any strong type estimate as in (2.12) implies the analogous restricted weak type
estimate. This implication is not reversible in general, although we will see in Section 2.4
that for our problem, the two notions are often as good as equivalent. For an excellent
exposition on the general theory of restricted weak type operators and their relation to
strong type ones, see [2] or [28].
Proposition 2.3.3. Let K be a Kakeya set in Rn and suppose
∀ ϵ > 0 ∃ Cϵ : ||fδ∗ ||q,∞ ≤ Cϵ δ −α−ϵ ||f ||p,1 ,

(2.13)

for some α ≥ 0, p, q < ∞. Then dimH (K) ≥ n − pα.
We see that expression (2.13) is just the condition that the Kakeya operator is
restricted weak type (p, q) with norm bounded by Cϵ δ −α−ϵ . Obviously then Proposition 2.3.3 is weaker than Proposition 2.3.1 and so more widely applicable; the former
proposition will turn out to be very useful in Chapter 5.
Proof. We follow Wolﬀ’s presentation [32]. As such, we begin by making a key reduction.
Suppose K is a Kakeya set in Rn and suppose that
∑
j

rjd

& 1, ∀

∞
∪

B(xj , rj ) ⊇ K, rj ≤ 1.

(2.14)

j=1

Then it follows that for any 1 ≥ ϵ > 0, Hdϵ (K) & 1 and so Hd (K) & 1. Thus, Hd (K) ̸= 0
and so dimH (K) ≥ d. Therefore, to prove our proposition, it suﬃces to conclude that
(2.14) holds for all d < n − pα.
Fix d < n − pα. For each e ∈ S n−1 we know that K contains a unit line segment
parallel to e; denote this line segment by Ie and let ae denote its midpoint. Fix a covering
of K by balls B(xj , rj ) with rj ≤ 1. Deﬁne for each l ∈ Z+ ,
Jl = {j : 2−l ≤ rj ≤ 2−(l−1) },
(
)
∪
Kl = K ∩
B(xj , rj ) ,
j∈Jl

and

{
c}
Sl = e ∈ S n−1 : |Ie ∩ Kl | ≥ 2 ,
l
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where c = π62 . In this context, |A| denotes the one-dimensional Lebesgue measure of
the set. The sets Jl partition the balls in our covering according to their size, which is
comparable to their radii. If we ﬁx and l and consider the characteristic function of the
balls corresponding to Jl (call it g), then since we are assuming the Kakeya operator is
restricted weak type with norm as in (2.13), we know that
{
} 1/q
n
e ∈ S n−1 : g2∗−l (e) ≥ λ
. λ−1 2−l( p −α−ϵ |Jl |1/p .
Thus, if we can bound the size of the set on the lefthand side by an appropriate factor
of λ then we are done; indeed, we immediately have that
∑
∑
rjd ≥
|Jl | · 2−l(n−pα−pϵ) ,
j

l

so we see that we require this factor of λ to not shrink too fast as l increases. What this
really means is that we want to make sure the set {e : g2∗−l (e) ≥ λl } does not shrink in
size too fast. Notice that the set on the lefthand side is essentially a union of sets of the
form Sl .
We note that for all e ∈ S n−1 there exists some l depending on e such that |Ie ∩ Kl | ≥
c
. To prove this, suppose the contrary. Then for all l,
l2
1 = |Ie | = |

∞
∪

(Ie ∩ Kl ) | ≤

∞
∑

|Ie ∩ Kl |

l=1

l=1

c

∑1
= 1,
2
l
l

∪
n−1
a contradiction; thus, such an l must exist and so we have the inclusion
S
⊆
Sl .
∪
n−1
Since the reverse inclusion is trivial, we see that in fact S
= Sl . This is a key
point as it allows us to decompose our set of directions into ones where we have some
quantitative control over the intersection of our Kakeya set with its covering.
Now by the pigeonhole principle, there must exist some l ∈ Z+ such that |Sl | & l12 .
We can see this more explicitly by again supposing the contrary. Then
∑1
∑
∑∑
|Ie ∩ Kl | ≤
|Sl | · |Ie | .
. 1;
2
l
l
l
l e∈S
l

∪
however, since K is Kakeya and Kl = K by deﬁnition, we must have that the sum on
the lefthand side is inﬁnite, contradicting the calculation.
So ﬁx an l such that |Sl | & l12 and deﬁne
∪
Fl =
B(xj , 2rj ).
j∈Jl

Note that

∀ y ∈ Kl , Fl ⊇ B(y, 2−l ).
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(2.15)

To see that this is true, pick any y ∈ Kl ; then y ∈ B(xj , rj ) for some j ∈ Jl . Thus,
y ∈ B(xj , 2rj ). Now let z ∈ B(y, 2−l ); then
|xj − z| ≤ |xj − y| + |y − z| < rj + 2−l ≤ 2rj .
So B(y, 2−l ) ⊆ B(xj , 2rj ) and (2.15) follows.
All this work leads to a critical bound; if e ∈ Sl , then
−l

|Te2 (ae ) ∩ Fl | &

1 2−l
|T (ae )|.
l2 e

(2.16)

−l

−l

To prove this, we note that Te2 (ae ) ∩ Fl ⊇ Te2 (ae ) ∩ B(y, 2−l ) for all y ∈ Kl by (2.15),
so in particular this is true for all y ∈ Ie ∩ Kl . Thus,
(
)
∪
2−l
2−l
−l
Te (ae ) ∩ Fl ⊇ Te (ae ) ∩
B(y, 2 ) .
y∈Ie ∩Kl

The righthand side above is the portion of the 2−l -tube with Ie as its principal axis that
“shadows” Ie ∩ Kl ; i.e. this is only the portion(s) of the tube with Ie ∩ Kl as principal
−l
axis. The measure of this set is then bounded below by lc2 |Te2 (ae )|.
With this in place, we deﬁne f = χFl and calculate
}
{
}
{
2−l
|F
∩
T
1
1
(a
)|
l
e
e
≥ e ∈ S n−1 :
& 2
e ∈ S n−1 : f2∗−l (e) & 2
−l
2
l
l
|Te (ae )|
which is bounded below by |Sl | & l12 by (2.16). Thus,
}
{
1
1
n−1
∗
& 2.
e∈S
: f2−l (e) & 2
l
l

(2.17)

Now we use our assumption that equation (2.13) holds. Fix ϵ > 0 and note that
(2.13) gives
{
}
1
n−1
∗
e∈S
: f2−l (e) & 2
l

1/q

≤ Cϵ · l2 2l(α+ϵ) · |Fl |1/p
. Cϵ · l2 2l(α+ϵ) (2−ln · |Jl |)1/p
= Cϵ · l2 2−l( p −α−ϵ) |Jl |1/p .
n

Combining equations (2.17) and (2.18) then gives us
l−2/q . Cϵ · l2 2−l( p −α−ϵ) |Jl |1/p ,
n
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(2.18)

or equivalently
|Jl | & l−2p(1+ q ) 2l(n−pα−pϵ) .
1

Therefore,

∑
j

rjn−pα−pϵ ≥

∑

|Jl | · 2−l(n−pα−pϵ) &

l

∑

(2.19)
l−2p(1+ q ) & 1.
1

l

For any d < n − pα, we may ﬁnd an ϵ > 0 such that d = n − pα − pϵ and so by (2.14)
we have that dimH (K) ≥ n − pα, completing the proof of the proposition.
Our proposition required that (2.13) hold for some α ≥ 0, p, q < ∞, p ≥ n. Notice
that if we let α = np − 1, then our proposition says that dimH (K) ≥ p. Also note that if
α = 0, then dimH (K) = n.
One other crucial thing to notice is that Proposition 2.3.3 tells us that Lp → Lp
estimates such as (2.1), i.e. estimates on the diagonal, do indeed suﬃce. This is evident
from the lower bound given by the proposition which does not depend on the value of q
whatsoever. Hence, if we can prove an Lp → Lp estimate, then this is just as good as an
Lp → Lq estimate in terms of all three Kakeya conjectures.

2.4

Interpolation, the Critical Line and the Diagonal

This section is largely motivational. We cannot resolve the Kakeya conjectures in full,
but we can make partial progress. In the following chapters, we will prove certain bounds
on the Kakeya operator acting on the diagonal and so improve what we know. We will
see here that when looking for partial Kakeya bounds, there is a natural form to expect.
The main purpose of this section will be to motivate this natural form and to convince
the reader that it is always suﬃcient to work with diagonal estimates when wanting to
make progress on any of the three Kakeya conjectures. This will require various methods
of interpolation, although things are not quite as straight-forward as we might hope for
simply because the operators in question are never linear. Interpolation is usually cited
as the reason why we expect certain intermediate Kakeya bounds to be true, but details
are rarely given. Here, we bridge this gap.
Proposition 2.4.1. If the Kakeya maximal function conjecture (Conjecture 1.2.2) holds,
p
then for every 1 ≤ p ≤ n, 1 ≤ q ≤ (n − 1) p−1
, we have the estimate:
∀ ϵ > 0 ∃ Cϵ : ||fδ∗ ||q ≤ Cϵ δ − p +1−ϵ ||f ||p .
n

(2.20)

Of course we see that if p = n in the proposition above, then what we have is the full
maximal function conjecture; but notice also that if p = 1, then this estimate is already
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Figure 2.1: The region of interpolation corresponding to the full Kakeya conjecture.
known to us by the L1 → L∞ estimate of Proposition 1.2.3. This suggests that (2.20)
should follow from interpolation with the trivial L1 → L∞ bound and the conjectured
Ln → Ln bound. Hence, we can make partial progress on the Kakeya problem by proving
an estimate in this hypothesized intermediate range. Tightening p as close to n as we
can will give us a stronger estimate and so move us closer to the full conjecture. It will
be convenient to think of the proposed range of p and q where the operator obeys the
estimate (2.20) pictorially, as depicted above. Note that we refer to the line parameterized
p
by 1 ≤ p ≤ n, q = (n − 1) p−1
as the critical line.
This all seems reasonable, but we have to make sure that (2.20) really does follow by
interpolation as proposed. After all, if it did not, then the proposed bound in (2.20) is
seemingly arbitrary and we would have no reason to suspect that it is true, much less to
exert any energy into proving such a partial estimate.
It is very tempting to use the prototypical interpolation result of Riesz-Thorin. This
p
and a bound
would give us the precise range of p we are after with q = (n − 1) p−1
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with a convex combination of the exponents in the L1 → L∞ and Ln → Ln bounds. A
calculation shows that this would give the bound in (2.20).
Unfortunately, Riesz-Thorin does not apply since the Kakeya operator is sublinear,
not linear. Consequently, to make our interpolation argument, we will have to take a
more delicate approach.
We will make use of several classical notions and results in interpolation theory. We
will not dwell on the full scope of these matters in detail, referring the reader to the
bibliography for a proper treatment of the general theory. We will however provide
proofs of two necessary results since we have not been able to ﬁnd a good resource for
their derivations. For organizational purposes, we list these deﬁnitions and results now
(with references) before proceeding to the proof of Proposition 2.4.1.
Definition 2.4.2. An operator T is of weak type (p,q) with norm ≤ A if
(
)q
A||f ||p
|{x : |T f (x)| ≥ t}| ≤
t
for all f ∈ Lp and all t ∈ (0, 1]. Also, we call λf (t) = |{x : |T f (x)| ≥ t}| the distribution function of f at t with respect to the operator T .
Note that this deﬁnition is the same as Deﬁnition 2.3.2, except that for an operator
to be of restricted weak type, the distributional inequality above need only hold for
characteristic functions of sets with ﬁnite measure rather than for all functions in Lp .
Theorem 2.4.3 (Marcinkiewicz Interpolation, Theorem 4.13 and Corollary 4.14 in [2]).
Suppose 1 ≤ p0 < p1 < ∞ and 1 ≤ q0 , q1 ≤ ∞ with pi ≤ qi (i = 0, 1) and q0 ̸= q1 . Let
0 < θ < 1 and define p and q by
1
1−θ
θ
=
+ ,
p
p0
p1

1
1−θ
θ
=
+ .
q
q0
q1

(2.21)

If T is a nonnegative, sublinear operator of weak types (p0 , q0 ) and (p1 , q1 ), with respective
norms A0 and A1 , then T is of strong type (p, q) with norm . max{A0 , A1 } where the
implicit constant depends only on p0 , q0 , p1 , q1 and θ.
We need a ﬁnal pair of propositions speciﬁc to operators enjoying the spatial locality
property of Proposition 2.2.1. Of course for our purposes, there is no harm in restricting
attention to the Kakeya operator alone. These results are not as classical, so we will
provide proofs. The second proposition is stated in more generality than is necessary to
give a proof of Proposition 2.4.1, but we will need this strength of generality for another
result.
Proposition 2.4.4. If the Kakeya operator is of strong type (p, q) with norm ≤ A, then
it is also of strong type (p, r) with norm ≤ A for all 1 ≤ r < q.
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Proof. Pick 1 ≤ r < q and write
||fδ∗ ||r

(∫

)1/r
fδ∗ (e)r de

=

= ||(fδ∗ )r χsuppfδ∗ ||1 .
1/r

Since we know, by Proposition 2.2.1, that it is suﬃcient to consider only f with support
in the unit ball, we know that we can take suppfδ∗ ⊆ B(0, 2). Hence, since r ≤ q, by
Hölder we have
1/r
||fδ∗ ||r . ||(fδ∗ )r ||q/r = ||fδ∗ ||q ≤ A||f ||p
by hypothesis.
For the next proposition, we make a deﬁnition.
Definition 2.4.5. An operator T is of restricted strong type (p,q) with norm ≤ A if
it is of strong type (p, q) with norm ≤ A for all characteristic functions of finite measure
sets, i.e. if
||T χE ||q ≤ A||χE ||p = A|E|1/p
for all sets E with |E| < ∞.
Proposition 2.4.6. With our parameters defined as in Theorem 2.4.3, suppose in addition that q0 < q1 . If the Kakeya operator is of restricted weak types (p0 , q0 ) and (p1 , q1 ),
with respective norms ≤ A0 and ≤ A1 , then it is also of restricted strong type (p, q) with
θ
norm . A1−θ
0 A1 .
Notice that this proposition will give us the Riesz-Thorin type bound on the interpolated norms in Proposition 2.4.1.
Proof. Using the distribution function, our hypothesis that the Kakeya operator is of
restricted weak types (p0 , q0 ) and (p1 , q1 ) with respective norms ≤ A0 and ≤ A1 becomes
(
)q0
(
)q1
A0 |E|1/p0
A1 |E|1/p1
λ(t) ≤
and λ(t) ≤
,
(2.22)
t
t
for all subsets E ⊆ B(0, 1) and all t ∈ (0, 1]. Here, we have abbreviated our notation and
written λ(t) = λχE (t).
We require a simple identity for distribution functions, namely,
∫ ∞
p
tp−1 λf (t)dt.
(2.23)
||f ||p = p
0
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This identity is immediate for characteristic functions f , since then we have
∫ ∞
∫ 1
p−1
p
t λχE (t)dt = p
tp−1 |E|dt = |E| = ||χE ||pp ;
0

0

so we can extend to the general case by approximating any f ∈ Lp from below by simple
functions2 .
Returning to (2.22), we may assume that the ﬁrst bound on λ(t) is less than or equal
to the second bound. Solving the corresponding inequality for t, we see that this requires
1
(
q )
q1
− p0 q1 −q0
−q0 q1
p1
0
= A,
t ≤ A0 A1 |E|
where we denote the bound by A for simplicity. We want to show that the Kakeya
operator is of restricted strong type (p, q) for any p and q given by (2.21). Fix one such
pair and use the distributional identity (2.23) to estimate
∫ A
∫ ∞
∗ q
q−1
||(χE )δ ||q = q
t λ(t)dt + q
tq−1 λ(t)dt
0
A
∫ A
∫ ∞
q−q0 −1 q0
q0 /p0
≤q
t
A0 |E|
dt + q
tq−q1 −1 Aq11 |E|q1 /p1 dt
0

A

. Aq−q0 Aq00 |E|q0 /p0 + Aq−q1 Aq11 |E|q1 /p1 ,

(2.24)

since q0 < q < q1 by hypothesis. Now we plug in for A and simplify. We will only
work through the details for the ﬁrst term in (2.24) since the second term follows by the
identical algebra.
Notice that by deﬁnition, we have
(
)
1
− 1q
q0 − q1qq0
q0 q − q1
q1
1−θ = 1
=
=
,
q0 − q1
q q0 − q1
− q10
q1
and so we also have

q1
θ=
q

(

q0 − q
q0 − q1

)
.

Plugging into the ﬁrst term of (2.24) for A and simplifying, we ﬁnd
(

A

q−q0

Aq00 |E|q0 /p0

q0

= A0
=
=

2

q1 −q
q1 −q0

)

(
q1

A1

q−q0
q1 −q0

(

)

|E|

θ
+ 1−θ
p1
p0

q0
p0

(

q1 −q
q1 −q0

)

q

+ p1

1

(

q−q0
q1 −q0

)

)

q
(1−θ)q θq
A0
A1 |E|
(1−θ)q θq
A0
A1 |E|q/p .

See [28] for a thorough investigation of the distribution function and its many applications.
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It now immediately follows that
θ
||(χE )∗δ ||q . A1−θ
0 A1 ||χE ||p ,

proving the proposition.
We are now ready to prove the main motivational result of the section.
Proof of Proposition 2.4.1. As we remarked after the statement of the proposition, the
classic interpolation result of Riesz-Thorin is useless for our purposes. Now, we may
be tempted to just apply Marcinkiewicz’s theorem and interpolate between (n, n) and
(1, ∞), but this will not give the desired convex combination of the exponents in the
(n, n) and (1, ∞) bounds. Instead, we note that any strong type estimate is automatically of restricted weak type and apply Propositionn 2.4.6 to interpolate between the two
endpoints. This gives us the desired bound . δ − p +1−ϵ along the critical line, but it is
only of restricted strong type. To improve this to a strong bound, we use the following
procedure.
Notice that the Kakeya operator is strong type (1, q) with norm . δ −(n−1) for any
1 ≤ q ≤ ∞. We use Proposition 2.4.6 again to interpolate
between (n, n) and (1, q) for all
−n
+1−ϵ
p
q and so obtain our restricted strong type bound . δ
everywhere in the triangular
region between the critical line and the diagonal (see Figure ??). We are going to use
the L∞ → L∞ estimate of Proposition 1.2.3 to improve our bound along the critical line
to be of strong type.
p
Choose any pair (p, q) on the critical line (so q = (n − 1) p−1
) and let θ > 0 be small.
We want to interpolate using Marcinkiewicz between (∞, ∞) and some (p0 , q0 ) in our
triangular region where we have the restricted strong type estimates so that the point
(p, q) lies on the line of interpolation between the two. Considering our deﬁning relations
(2.21), we see that we should require
p0 = (1 − θ)p and q0 = (1 − θ)q.
Applying Marcinkiewicz interpolation, we ﬁnd that the strong (p, q) norm of the Kakeya
operator is bounded by
max{1, δ

− pn +1−ϵ
0

}=δ

− pn +1−ϵ
0

= δ − (1−θ)p +1−ϵ .
n

(2.25)

Now as we let θ → 0, the form of the above bound does not change and in fact we see
that if θ < n ϵ+ϵ then the bound in (2.25) is dominated by
p

′

δ − p +1−2ϵ = δ − p +1−ϵ ,
n

n

and so we have the appropriate strong type (p, q) bound for this point (p, q) on the
critical line. Clearly, we can repeat this exact procedure for any other (p, q) on the
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critical line and so extend to strong type estimates everywhere along this line. Finally,
a quick application of Proposition 2.4.4 everywhere along this line allows us to deduce
the necessary strong type estimates everywhere within our proposed region, 1 ≤ p ≤ n,
p
1 ≤ q ≤ (n − 1) p−1
.
It is often more convenient to prove a restricted weak type estimate than to prove a
strong one; indeed, this is precisely what Bourgain and Wolﬀ have done to prove their
Kakeya estimates (Chapters 5 and 6). We show now why this type of estimate suﬃces.
Proposition 2.4.7. Suppose the Kakeya operator has restricted weak type-(p0 , q0 ) norm
p
≤ A for some 1 ≤ p0 ≤ n, 1 < q0 ≤ (n − 1) p−1
. Then for all ϵ > 0, the Kakeya operator
−ϵ
has strong type-(p, q) norm . Aδ for all 1 ≤ p ≤ p0 , 1 ≤ q ≤ q0 .
The situation is illustrated below.
1
q

6

region of interpolation
1 1
,
p p

)
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)

critica
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(0, 0)
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p

Figure 2.2: (The region of) interpolation corresponding to a partial Kakeya estimate of
p
.
strong type p, (n − 1) p−1
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Proof. The proof is almost identical to the previous. We start by interpolating between
(p0 , q0 ) and (1, q) for all 1 ≤ q ≤ ∞ using Proposition 2.4.6 to obtain restricted strong
type bounds ≤ A everywhere in the triangular region deﬁned by the vertices (p0 , q0 ),
(1, ∞) and (1, 1) (note though that we do not yet have anything more than the restricted
weak type estimate at the single vertex (p0 , q0 )). Now for every pair (p, q) on the lower
edge of this triangle, we improve our estimate to a strong type bound . Aδ −ϵ using
Marcinkiewicz to interpolate between an appropriate (p′ , q ′ ) to the northeast of the pair
(p, q) and the origin, (∞, ∞). Finally, we apply Hölder (Proposition 2.4.4) to extend our
strong type bounds everywhere in the region 1 ≤ p ≤ p0 , 1 ≤ q ≤ q0 .
In Proposition 2.3.1 we showed, among other things, that in the context of the Kakeya
set conjectures, it is suﬃcient to prove Kakeya estimates on the diagonal. We showed in
Proposition 2.4.1 that we can expect to make partial progress on the Kakeya maximal
functions conjecture by proving a certain type of bound along the critical line. The
real meaning behind Proposition 2.4.7 then is that, to make progress on the maximal
function conjecture, it is suﬃcient to prove the appropriate Kakeya estimates on the
diagonal. This simpliﬁes matters slightly, allowing us to only consider the Lp behavior
of the Kakeya operator as it acts on functions in Lp .
Definition 2.4.8. We say that K(p) holds if we have the Kakeya estimate
∀ ϵ > 0 ∃ Cϵ : ||fδ∗ ||Lp (S n−1 ) ≤ Cϵ · δ − p +1−ϵ ||f ||Lp (Rn )
n

for all f in Lp . We say that N (p) holds if we have the Nikodym estimate
∀ ϵ > 0 ∃ Cϵ : ||fδ∗∗ ||Lp (Rn ) ≤ Cϵ · δ − p +1−ϵ ||f ||Lp (Rn )
n

for all f in Lp .
This notation allows us to quickly identify diﬀerent Kakeya (and Nikodym) estimates
and we will use it often in the subsequent chapters.
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Chapter 3
Equivalence of the Kakeya and
Nikodym Maximal Function
Conjectures
This chapter can be skipped if desired by the reader, but we felt it a good idea to include
it here in order to motivate a stronger desire for Kakeya estimates. In no way though
do the following chapters depend on the material of this one. However, many of the
analytical tools and techniques that we will need later will be applied in this chapter as
well, so it may serve the reader well to study the proofs in this chapter in anticipation
of the following.
This chapter will consist of a proof of Tao’s theorem that the Kakeya maximal function
conjecture and the Nikodym maximal function conjecture are equivalent. Furthermore,
we will show that any Hausdorﬀ dimension bound for Kakeya sets in Rn serves as an
identical Hausdorﬀ dimension bound for Nikodym sets in Rn . Recalling the notation of
Deﬁnition 2.4.8, we have the following theorem.
Theorem 3.0.1 (Tao). We have K(p) if and only if we have N (p).
The proof is lengthy and naturally splits into two parts which we will divide into
separate sections.

3.1

Nikodym Implies Kakeya

That N (p) implies K(p) is easier to see and so we prove this ﬁrst. The implication will
follow from a combination of a geometrical fact and a pointwise inequality. These facts
will allow us to pass between the Kakeya and Nikodym maximal functions on an annulus
of constant size, which will be suﬃcient to establish the main result. The geometrical
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fact is a containment lemma, relating a tube with a given direction to a tube containing
a given point; we exploit this containment then to set up a pointwise estimate, a simple
inequality relating the two maximal functions directly. We state these facts as lemmas
and prove them now.
Lemma 3.1.1. Let C be some absolute constant to be determined and let |x| ∼ 1. If T is
x
any δ-tube oriented in the |x|
direction, then there exists some (Cδ −1 ×Cδ ×· · ·×Cδ)-tube
T ′ containing the point xδ such that T ∩ B(0, 1) ⊂ T ′ .
Proof. Now, we want to show the estimate on an annulus, |x| ∼ 1. The key point here
is that |x| is bounded away from zero and inﬁnity, so there is no harm in assuming
1
x
< |x| < 2. Fix some x in this annulus and let ϕ1 be the rotation that sends |x|
to
2
n
en = (0, 0, . . . , 0, 1), the nth canonical basis vector for R .
x
direction whose intersection with B(0, 1) is
Pick any δ-tube T oriented in the |x|
nonempty. Then ϕ1 (T ) ∩ B(0, 1) is at most the restriction to the unit ball of a cylinder
oriented in the en direction with ej -thickness 2δ for all 1 ≤ j ≤ n − 1. Denote this
cylinderical strip by S(r, 0), where r = (r1 , . . . , rn−1 ) denotes the point on the principal
axis of our cylinder (i.e. the principal axis of our tube ϕ1 (T )) that intersects the hyperplane {rn = 0}. If we can ﬁnd a C such that there exists a T ′ ∋ ϕ1δ(x) that contains
this cylindrical strip, then we are done. The relevant geometry here is that the further
this strip is from the origin, the larger the angle needed to orient T ′ with respect to the
en -axis, and as this angle becomes larger, this will require C to be larger.
Denote the center of the tube ϕ1 (T ) by a and note that a ∈ B(0, 23 ), else ϕ1 (T ) could
not intersect B(0, 1). In fact, since ϕ1 (T ) ∥ en , we see that if we write a = (a, an ), then
we must have a ∈ B n−1 (0, 1 + δ), the (n − 1)-ball centered at the origin with radius 1 + δ.
From the last paragraph, we note the formal inclusion:
ϕ1 (T ) ∩ B(0, 1) ⊆ S(a, 0) = {|z| ≤ 1 : z − a ∈ B n−1 (0, δ)}.

(3.1)

We want take advantage of the rotational invariance of the problem again to simplify
′
a
the analysis. Accordingly, we let ϕ2 be the rotation that fixes en while sending |a|
to |aa′ | ,
√
where a′ = ( |a|2 + a2n , 0, . . . , 0, an ). Then ϕ2 rotates our tube ϕ1 (T ) so that its principal
axis intersects the e1 -axis while remaining parallel to en . With these simpliﬁcations in
place, we can now deﬁne the (Cδ −1 × Cδ × · · · × Cδ)-tube T ′ that will contain our rotated
δ-tube ϕ2 ◦ ϕ1 (T ).
We choose the natural orientation e for T ′ deﬁned by the line segment connecting
ϕ2 ◦ ϕ1 ( xδ ) = ϕ1 ( xδ ) and (a′ , 0); so since |ϕ1 (x)| = |x|, we set
e=

(a′1 , 0, . . . , 0, − |x|
)
δ
|(a′1 , 0, . . . , 0, − |x|
)|
δ
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,

√
where a′1 = |a|2 + a2n . We want to choose the center of T ′ to be close to xδ ; therefore,
deﬁne the center to be the point b = (b, bn ) where b ∈ B n−1 (0, δ) and 0 < bn ≤ |x|
∼ 1δ .
δ
′
′
All we need now is the constant C to ensure that ϕ2 (S(a, 0)) = S(a , 0) ⊂ T .
We remind the reader that by deﬁnition we have
T ′ = {y ∈ Rn : |(y − b) · e| ≤

C
, |proje⊥ (x − a)| ≤ δ},
δ

(3.2)

where e⊥ is the hyperplane through the origin with e as normal vector. There are
many diﬀerent bases {ζ1 , . . . , ζn−1 } we can choose for the subspace e⊥ , but it will be
computationally necessary to pick a particularly convenient one here. Clearly it is possible
to choose some ζ1 contained in π(e1 , en ), the 2-plane generated by the vectors e1 and
en , since e is in this plane. Accomplishing this, we see that we can then choose ζ2 =
e2 , . . . , ζn−1 = en−1 . Thus we immediately have that if z ∈ S(a′ , 0), then
|(z − b) · ζj | = |(z − b) · ej | ≤ |zj | + |bj | . δ,
for all 2 ≤ j ≤ n − 1. So we only need to concern ourselves with the containment in the
2-plane π(e1 , en ). Our goal now is to show that ζ1 is almost exactly e1 , as to be expected
from our deﬁning parameters.
Let θ denote the angle in the 2-plane π(e1 , en ) between e1 and ζ1 . Referring to the
ﬁgure below, we can use similar triangles to note that this angle is the same as the angle
between e and en .
ϕ1 (x)
δ

θ
en
e
ζ1
θ
′

(a , 0)

e1

Figure 3.1: The almost orthogonality of e and e1 , and of en and ζ1 .
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Thus we have

(a′1 )2
. δ2
(a′1 )2 + (δ −1 |ϕ1 (x)|)2
since |a′1 | . 1 and |ϕ1 (x)| = |x| ∼ 1. Consequently, θ = |e1 − ζ1 | . δ. Looking back
at (3.2) and noting that by construction we require a′ ∈ T ′ , we can now assert that if
z ∈ S(a′ , 0), then
sin2 θ =

|(z − b) · ζ1 | = |(z − a′ ) · ζ1 + (a′ − b) · ζ1 |
. |(z − a′ ) · (ζ1 − e1 ) + (z − a′ ) · e1 | + δ
. |z − a′ |δ + |z1 − a′1 | + δ
. δ,
by the deﬁnition of S(a′ , 0) in (3.1).
Finally, we check that if z ∈ S(a′ , 0), then
|(z − b) · e| =
.

1
|(a′1 , 0, . . . , 0, − |x|
)|
δ
1 + δ12
1
δ

(z1 − b1 )a′1 − (zn − bn )

|x|
δ

1
. ,
δ
as was to be shown. Hence, there exists some constant C dependent only on the ambient
dimension such that S(a′ , 0) ⊂ T ′ .
Unraveling our transformations, we see that for any given δ-tube T intersecting the
x
unit ball, oriented in the |x|
direction for some given |x| ∼ 1, we may ﬁnd a (Cδ −1 × Cδ ×
· · · × Cδ)-tube T ′ such that
−1
′
T ∩ B(0, 1) ⊂ ϕ−1
1 ◦ ϕ2 (T ),
−1
−1
−1
′
′
−1
with xδ ∈ ϕ−1
× Cδ ×
1 ◦ ϕ2 (T ) as required. Observing that ϕ1 ◦ ϕ2 (T ) is still a (Cδ
· · · × Cδ)-tube, we conclude the lemma.

Lemma 3.1.1 will allow us to establish the critical pointwise estimate necessary for
the proof of the ﬁrst half of Tao’s theorem. We remark that this kind of containment
lemma often arises when attempting to acquire Lp estimates on the Kakeya maximal
function or the Nikodym maximal function. This is an artifact of the deﬁnition of the
maximal operator as a supremum over various integrals. Naturally then, to obtain an
inequality for the Lp behavior of the operator, the most obvious thing to try is to bound
the integrand by a simpler object while possibly enlarging the domain of integration.
This enlargement of the domain of integration usually arises from a containment lemma
of the previous sort.
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Lemma 3.1.2. Let C be some absolute constant and define fδ (x) = f ( xδ ). Then for all
|x| ∼ 1 and any f ∈ Lp with support contained in B(0, 1), we have the pointwise estimate
( )
x
∗
fδ
. δ −1 (fδ )∗∗
(3.3)
Cδ 2 (x).
|x|
Proof. We begin with some simpliﬁcations. As mentioned in the previous chapter, we
will always take f ∈ Lp (Rn ) to be nonnegative with support contained in the unit n-ball
when working with Kakeya estimates. As we have seen, this is suﬃcient to conclude
any Kakeya estimate on all of Lp by Fact 2.1.1 and Proposition 2.2.1. It is easy to see
that it suﬃces to assume the same when working with the analogous Nikodym estimates.
Indeed, we can utilize Proposition 2.2.3 and observe that nonnegativity follows in the
identical fashion as for Kakeya. Our proof of Tao’s theorem will require these assumptions
on both the Kakeya and Nikodym operators in order to simplify the problem.
Fix |x| ∼ 1. Using the deﬁnition of the Kakeya maximal function, we rewrite the
lefthand side of (3.3) as
( )
∫
x
1
∗
fδ
∼ sup n−1
f (y)dy.
(3.4)
x δ
|x|
T || |x|
T
Considering the righthand side of (3.3), we use the deﬁnition of the Nikodym maximal
function to write
∫ ( )
1
y
−1
∗∗
δ (fδ )Cδ2 (x) ∼ sup 2n−1
dy,
f
δ
Te
Te∋x δ
where Te is a (C × Cδ 2 × · · · × Cδ 2 )-tube. Substituting z = yδ , we see that this reduces to
∫
1
sup n−1
f (z)dz.
(3.5)
T ′ ∋ xδ δ
T′
where T ′ is a (Cδ −1 × Cδ × · · · × Cδ)-tube.
Comparing (3.4) and (3.5), we see that in order to prove our pointwise estimate it
x
there exists a T ′ ∋ xδ such that
suﬃces to show that for all T || |x|
∫

∫
f (y)dy .

T

f (y)dy.

(3.6)

T′

But this is precisely the statement of Lemma 3.1.1; hence, (3.6) holds. The pointwise
estimate (3.3) follows accordingly.
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Proof of Theorem 3.0.1, reverse implication. With the pointwise estimate in place for all
|x| ∼ 1, we can now show that N (p) implies K(p). Taking the Lp -norm of the lefthand
side of equation (3.3) over the annulus |x| ∼ 1, we ﬁnd that
( ) p
∫
∫
x
∗
fδ
∼
fδ∗ (e)p drde ∼ ||fδ∗ ||pLp (S n−1 ) ,
|x|
n−1
S
r∼1
Lp (|x|∼1)
where we have converted to spherical coordinates and then integrated out the radial
measure. Applying the pointwise estimate, we have
−1
∗∗
||fδ∗ ||Lp (S n−1 ) . δ −1 ||(fδ )∗∗
Cδ 2 ||Lp (|x|∼1) . δ ||(fδ )Cδ 2 ||Lp (Rn ) .

By hypothesis, N (p) holds so the above is dominated by
. δ −1 (δ 2 )− p +1−ϵ ||fδ ||Lp (Rn ) .
n

n

Noting that ||fδ ||p = δ p ||f ||p and performing the obvious simpliﬁcation in the exponents,
we arrive at the estimate
||fδ∗ ||Lp (S n−1 ) . δ − p +1−2ϵ ||f ||Lp (Rn ) ,
n

which is the desired estimate K(p). It is worthwhile to point out the extra loss of δ −ϵ that
is absorbed into the estimate K(p). As we have seen, we can always absorb this kind of
increase on the bound without lossing any quantitative power in the context of Hausdorﬀ
dimension bounds. This completes the proof of the ﬁrst direction of Tao’s theorem.

3.2

Kakeya Implies Nikodym

We show the former implication, that K(p) implies N (p). Just as in the previous section,
the proof will be divided into several lemmas.
We begin by making a few reductions. Since f is supported on B(0, 1), we must have
that fδ∗∗ is supported on B(0, 2) - this is simply because any tube that is taken in the
supremum must intersect the support of f and every tube has length 1. So the operator
is compactly supported (in a sense). We will use this fact to apply a method of Carbery
[9].
Instead of working over Rn , we want to “freeze” the xn variable and consider a kind
of Kakeya (and Nikodym) estimate over Rn−1 , i.e. in the ﬁrst (n − 1) variables. More
precisely, we have the following lemma.
Lemma 3.2.1. Consider a Nikodym estimate frozen in the xn variable of the form
||fδ∗∗ (x, xn )||Lp (Rn−1 ) . δ − p +1−ϵ ||f ||Lp (Rn ) .
n

If (3.7) holds for xn = 0, then N (p) holds.
34

(3.7)

Proof. Suppose that (3.7) holds for all |xn | ≤ 2. Then we notice that
∫
∗∗ p
||fδ ||Lp (Rn ) =
fδ∗∗ (x)p dx
B(0,2)
2 ∫

∫
=

−2
2

∫
=

−2
2

∫
.
∼δ

B n−1 (0,2)

fδ∗∗ (x, xn )p dxdxn

||fδ∗∗ (x, xn )||pLp (Rn−1 ) dxn
δ −n+p−ϵp ||f ||pp dxn

−2
−n+p−ϵp

||f ||pp .

Thus, if we have the frozen estimate (3.7) at all |xn | ≤ 2, then we have the full Nikodym
estimate N (p). We want to do better though and show that it actually suﬃces to prove
(3.7) for the single frozen value xn = 0. This is possible by the spatial locality of the
Nikodym problem and by the translation
invariance of Lebesgue measure.
+1−ϵ
−n
∗∗
p
||f ||p holds. Then for any |a| ≤ 2,
Suppose that ||fδ (x, 0)||p . δ
)p
∫ (
∫
1
||fδ∗∗ (x, a)||pp =
sup
f (y)dy dx
T ∋(x,a) |T | T
)p
∫ (
∫
1
=
sup
f (z + (0, a))dz dx,
(3.8)
T ∋(x,a) |T | T −(0,a)
where z = y − (0, a). Let fa (z) = f (z + (0, a)) so that fa is supported on B(0, 3). Notice
that (3.8) then becomes
)p
∫ (
∫
1
p
sup
fa (z)dz dx = ||(fa )∗∗
δ (x, 0)||p
T ∋(x,0) |T | T
. δ −n+p−ϵp ||fa ||pp
= δ −n+p−ϵp ||f ||pp ,
verifying the lemma.
So it suﬃces to show the frozen estimate at xn = 0; this will simplify the following
geometry considerably. Notice though that just because we freeze xn = 0 for the maximal
function, does not mean that we are freezing anything in the support of f ; indeed, any
tube containing the point (x, 0) for x ∈ B n−1 (0, 2) must lie within 1 of the xn -axis and
so can still intersect any portion of the support of f . Clearly, the modulus of any xn
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in our support is bounded from above, but we would also like to bound its range from
below and so utilize a similar reasoning as in Section 3.1 when we analyzed points on
the annulus |x| ∼ 1. To accomplish this, we ﬁrst show that it suﬃces to assume f is
supported on the intersection of B(0, 1) with the slab 0 < xn ≤ 1.
Lemma 3.2.2. Suppose N (p) holds for all f with support in B(0, 1) ∩ {0 < xn ≤ 1}.
Then N (p) holds for all f ∈ Lp .
Proof. We already know by Proposition 2.2.3 that to prove N (p), it suﬃces to consider
only those f ∈ Lp with support in B(0, 1). Accordingly, we pick any such f and deﬁne
f+ (x) = f (x)χ(0,1] (xn ),
f− (x) = f (x, −xn )χ(0,1] (xn );
then we have f+ and f− both supported on 0 < xn ≤ 1 with f = f+ + f− almost
∗∗
everywhere. Now fδ∗∗ (x) ≤ (f+ )∗∗
δ (x) + (f− )δ (x) by sublinearity and so
p
∗∗ p
∗∗
∗∗
||fδ∗∗ ||pp ≤ ||(f+ )∗∗
δ + (f− )δ ||p ≤ (||(f+ )δ ||p + ||(f− )δ ||p )

(3.9)

by the triangle inequality. Applying Hölder, we see that
[
]p
p
∗∗
∗∗ p
∗∗ p 1/p
p′
p′ 1/p′
(||(f+ )∗∗
||
+
||(f
)
||
)
≤
(||(f
)
||
+
||(f
)
||
)
·
(1
+
1
)
− δ p
+ δ p
− δ p
δ p
′

p
∗∗ p
= 2p/p (||(f+ )∗∗
δ ||p + ||(f− )δ ||p ).

This inequality coupled with (3.9) then gives
p
∗∗ p
||fδ∗∗ ||pp . ||(f+ )∗∗
δ ||p + ||(f− )δ ||p

. δ −n+p−ϵp (||f+ ||pp + ||f− ||pp )
= δ −n+p−ϵp ||f ||pp ,
since f+ and f− are both supported on 0 < xn ≤ 1 and by hypothesis, our estimate holds
for such functions.
With that reduction in place, we now want to decompose the slab {0 < xn ≤ 1}
dyadically and use a scaling argument to consider only the largest term. This will allow
us to restrict our attention to pointwise estimates over an annulur domain as in the proof
of the ﬁrst part of Tao’s theorem. Subsequently, we have another lemma.
Lemma 3.2.3. Suppose (3.7) holds with xn = 0 for all f with support in B(0, 1) ∩ { 12 <
xn ≤ 1}. Then N (p) holds for all f ∈ Lp .
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Proof. In light of Lemma 3.2.2, we see that we∪may assume the function f is supported
on B(0, 1) ∩ {0 < xn ≤ 1}. Partition (0, 1] as k≥0 (2−k−1 , 2−k ] and deﬁne
fk (x) = f (x)χ(2−k−1 ,2−k ] (xn )
so that f =

∑
k≥1

fk . Notice
∫
∫
fk (x)dx =

xn ∈( 21 ,1]

f (x, 2−k xn )2−k dx

for any k ≥ 0; thus, if we deﬁne fk′ (x, xn ) = f (x, 2−k xn )χ( 1 ,1] (xn ), then fk′ is supported
2
∫
∫
on the slab 12 < xn ≤ 1 for all k ≥ 0 and fk = 2−k fk′ . Now by the triangle inequality
and hypothesis, we have
∑
||fδ∗∗ (x, 0)||p ≤
||(fk )∗∗
δ (x, 0)||p
k

=

∑

2−k ||(fk′ )∗∗
δ (x, 0)||p

k

≤δ

−n
+1−ϵ
p

∑

2−k ||fk′ ||p

k

=δ

+1−ϵ
−n
p

∑

2−k(1− p ) ||fk ||p .
1

(3.10)

k

Apply Hölder to the sum to bound (3.10) by
δ

−n
+1−ϵ
p

(
∑
k

2−k

) 1′ (
p
∑

) p1
||fk ||pp

1

= δ − p +1−ϵ 2 p′ ||f ||p
n

k

. δ − p +1−ϵ ||f ||p .
n

Applying Lemma 3.2.1, we conclude that we may indeed take f to be supported on the
intersection B(0, 1) ∩ { 12 < xn ≤ 1}.
Now we want to derive a pointwise estimate just as in Section 3.1 to get to the second
part of Tao’s theorem. Again, this is going to rely on some critical geometry in the form
of a containment lemma. Deﬁne the transformation ϕ : Rn → Rn by
(
)
x 1
,
.
ϕ(x, xn ) =
xn xn
Notice that ϕ−1 = ϕ, so that we may analyze either and glean the same information. This
transformation will allow us to pass freely between our tubes of interest for the Kakeya
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operator (i.e. tubes with a ﬁxed direction) and our tubes of interest for the Nikodym
operator (i.e. tubes containing a ﬁxed point). This statement takes a particularly clean
form in R2 : ﬁx a direction e ∈ S 1 and pick any tube Teδ such that Teδ ∩ { 21 < x2 ≤ 1} ̸= ∅
and (x, 0) ∈ Teδ for some arbitrary |x| ≤ 2. Then the principal axis of this tube has slope
e2
and x2 -intercept equal to x, where e = (e1 , e2 ). Applying the transformation ϕ to this
e1
tube, we ﬁnd that the transformed object is now essentially a Cδ-tube with principal axis
having slope x1 and x2 -intercept ee12 . What we have accomplished then is to take a tube
with ﬁxed direction and variable x2 -intercept and transform it into a tube with variable
direction and ﬁxed x2 -intercept.
We want to make this analytically precise in Rn for any n ≥ 2; thus, we have the
following lemma.
Lemma 3.2.4. Let x ∈ B n−1 (0, 2) be arbitrary and fix a direction e ∈ S n−1 . Also, let
Teδ be a δ-tube such that (x, 0) ∈ Teδ . If ϕ is defined as before, then there exists some
constant C, independent of x, δ and e, such that
(
)
ϕ Teδ ∩ {1/2 < xn ≤ 1} ⊂ C · T δ(x,1) .
|(x,1)|

Proof. Clearly we may assume that Teδ ∩ {1/2 < xn ≤ 1} ̸= ∅. Let y ∈ Teδ ∩ {1/2 <
xn ≤ 1}. Then since y ∈ Teδ and (x, 0) ∈ Teδ , we know that y is contained in some line
segment parallel to e that intersects the {xn = 0}-hyperplane in a δ-neighborhood of
(x, 0). Explicitly, we have a parameterization of y as
y = (x + a, 0) + ty (e, en )

(3.11)

for some a ∈ B n−1 (0, δ), where e = (e, en ) and −1 . ty . 1. Note that we can immediately assume ty ≥ 0 by replacing ty with −ty if necessary in the above parameterization.
Now we also have that y ∈ {1/2 < xn ≤ 1} and so this places a stronger restriction on
the value of ty . Indeed, since 1/2 < yn ≤ 1, we see that
1
1
< ty ≤ .
2en
en

(3.12)

We can do better though. Since Teδ ∩ {1/2 < xn ≤ 1} ̸= ∅, we see that e cannot be too
far oﬀ the vertical (0, . . . , 0, 1); in fact, we have |en | ≥ yn > 1/2. We combine this with
(3.12) to deduce that
1
< ty < 2,
(3.13)
2
since |en | ≤ 1 trivially. So we have ty ∼ 1 and (3.11) is now in concord with our intuition.
Now we are in a suitable position to analyze ϕ(y). Deﬁne
rϕ(y) =

|(x, 1)|
.
ty en
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Now x ∈ B n−1 (0, 2), so 1 ≤ |(x, 1)| ≤ 3. We combine this observation with (3.12) to
notice that 1 ≤ rϕ(y) < 6, and so rϕ(y) ∼ 1. Using (3.11) we have
1
(x + a + ty e, 1)
ty en
(
)
1
e
1
=
,0 +
(a, 0) +
(x, 1)
en
ty en
ty en
(
)
e
(a, 0)
(x, 1)
=
, 0 + rϕ(y)
+ rϕ(y)
.
en
|(x, 1)|
|(x, 1)|

ϕ(y) =

We claim that this point is contained in the tube C ·T δ(x,1) ( een , 0), for some C independent
|(x,1)|

of the parameters x, δ and e. To verify this, we need only appeal to the deﬁnition of a
tube.
Calculate
[
(
)]
rϕ(y)
e
(x, 1)
ϕ(y) −
,0 ·
=
|(x + a, 1) · (x, 1)|
en
|(x, 1)|
|(x, 1)|2
≤ rϕ(y) |(x + a, 1)| · |(x, 1)|
< C1 ,
since |aj | ≤ δ < 1 for all 1 ≤ j ≤ n − 1. Now let v ∈ S n−1 be orthogonal to
we have
[
(
)]
rϕ(y)
e
ϕ(y) −
,0 · v =
|(a, 0) · v|
en
|(x, 1)|
n−1
∑
≤ rϕ(y)
|aj ||vj |

(x,1)
;
|(x,1)|

then

j=1

≤ rϕ(y) (n − 1)δ
≤ C2 δ.
Thus, letting C = max{C1 , C2 }, we have ϕ(y) ∈ C · T δ(x,1) ( een , 0) as required.
|(x,1)|

With the containment lemma in place, we are now ready to derive our key pointwise
estimate.
Lemma 3.2.5. For any f with support in B(0, 1) ∩ {1/2 < xn ≤ 1}, we have
(
)
(x, 1)
∗∗
∗
fδ (x, 0) . (f ◦ ϕC )δ
,
|(x, 1)|
)
(
where ϕ(x, xn ) = xxn , x1n as before and ϕC (x) = ϕ(2C · x).
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(3.14)

Proof. Fix an x ∈ B n−1 (0, 2); then for any f with support in B(0, 1) ∩ {1/2 < xn ≤ 1}
there exists some δ-tube T ∋ (x, 0) such that
∫
2
∗∗
fδ (x, 0) ≤
f (y)dy
|T | T
∫
2
=
f (ϕ(z))|Dϕ(z)|dz.
|T | ϕ−1 (T )
Now Dϕ(z) =

1
n+1 ,
zn

so 1 ≤ |Dϕ(z)| < 2n+1 . Recalling that ϕ−1 = ϕ, we have
fδ∗∗ (x, 0)

2n+2
≤
|T |

∫
f (ϕ(z))dz.
ϕ(T )

Now we apply Lemma 3.2.4 to obtain the pointwise estimate
∫
2n+2
∗∗
fδ (x, 0) ≤
f (ϕ(z))dz
|T | C·T δ(x,1)
1
.
|T |

∫

|(x,1)|

f (ϕC (z ′ ))dz ′

T δ(x,1)
|(x,1)|

(

. (f ◦

ϕC )∗δ

(x, 1)
|(x, 1)|

)
,

where we made the substitution z = 2C · z ′ in the middle inequality.
We require a ﬁnal fact about surface integrals before we can collect our results and
ﬁnish the proof of Tao’s theorem.
Fact 3.2.6. Fix k > 0. Let F : S n−1 → R be in L1 (S n−1 ). Then
(
)
∫
∫
(x, 1)
F
dx .
F (e)de.
|(x, 1)|
B n−1 (0,k)
S n−1
xi
for all 1 ≤ i ≤ n − 1. Notice that
Proof. Let yi = |(x,1)|
y
i
. For any 1 ≤ i ≤ n − 1, we have
xi = √
2

1
|(x,1)|2

1−|y|

1
1 − |y|2 + yi2
∂xi
yi2
=√
=
,
+
∂yi
(1 − |y|2 )3/2
1 − |y|2 (1 − |y|2 )3/2
and for any 1 ≤ i, j ≤ n − 1 with i ̸= j, we have
∂xi
yi yj
=
.
∂yj
(1 − |y|2 )3/2
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(3.15)
= 1 − |y|2 and so

Thus the Jacobian J of our transformation is bounded as follows:
∏
|1 − |y|2 + yj2 | + |terms with a factor of yi for some i|
1
.
|J| . i
3(n−1)
3(n−1)
(1 − |y|2 ) 2
(1 − |y|2 ) 2
since |y| .

. 1. Therefore,
(
)
∫
∫
(x, 1)
(
F
dx .
|(x, 1)|
B n−1 (0,k)
B n−1 0, √ k
√ k
1+k2

)

F (y,

√

1 − |y|2 )

1+k2

Now, we easily have that
∫

∫
F (e)de =

F (y,

√

|y|≤1

S n−1

1 − |y|2 ) √

dy
(1 − |y|2 )

3(n−1)
2

dy

.

(3.16)

(3.17)

1 − |y|2
3(n−1)

by parameterizing S n−1 in the usual way.
Notice
that (1 − |y|2 )− 2 is comparable
(
)
1
k
1
to (1 − |y|2 )− 2 over the domain B n−1 0, √1+k
since 1 − |y|2 ≥ 1+k
2 . Thus, (3.16) is
2
bounded by
∫
√
dy
.
F (y, 1 − |y|2 ) √
.
1 − |y|2
|y|≤1
Combining this with (3.17), we have inequality (3.15).
With all the lemmas established, the remainder of the proof of Tao’s theorem is an
easy exercise.
Proof of Theorem 3.0.1, forward implication. Starting with Lemma 3.2.5, we take Lp (B n−1 (0, 2))
norms of both sides of (3.14) to conclude that
(
)
(x, 1)
∗∗
∗
||fδ (x, 0)||Lp (B n−1 (0,2)) . ||(f ◦ ϕC )δ
||Lp (B n−1 (0,2))
|(x, 1)|
. ||(f ◦ ϕC )∗δ ||Lp (S n−1 ) ,
where we have applied Fact 3.2.6 to establish the second inequality. Now K(p) holds by
hypothesis, so
n
||(f ◦ ϕC )∗δ ||Lp (S n−1 ) . δ − p +1−ϵ ||f ◦ ϕC ||Lp (Rn ) .
Observing that ||f ◦ ϕC ||p ∼ 2

n+1
p

||f ||p , we arrive at

||fδ∗∗ (x, 0)||p . δ − p +1−ϵ ||f ||p ,
n

verifying the frozen estimate at xn = 0. Thus, by Lemma 3.2.1, we see that N (p) must
hold.
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Although the proof of Tao’s theorem required some work, we are now rewarded with
the knowledge that any Kakeya estimate implies an analogous Nikodym estimate and
vice-versa. This will become particularly relevant in the following three chapters where
we derive our main three Kakeya estimates. In light of our work here, this will provide
us with essentially identical Nikodym estimates for free. Perhaps what is better, we will
establish lower bounds on the Hausdorﬀ dimension of Kakeya and Nikodym sets in Rn
simultaneously by simply appealing to Theorem 3.0.1
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Chapter 4
L2 Estimates
The Kakeya operator in two dimensions is well understood. This is greatly due to the
fact that the ambient geometry in the plane is often transparent and always pictorially
tractable. The Kakeya conjecture in R2 also enjoys a uniquely aﬀable position in no small
part because of the powerful duality properties of the L2 Hilbert space. These niceties
quickly break down when we elevate the dimension, but the methods and estimates in this
chapter are highly classical and motivate the underlying techniques and further results
in the remainder of this essay. Much of the now standard analysis has its roots in the
original paper of Córdoba [11].
In his 1977 paper, Córdoba was concerned primarily with studying the Bochner-Riesz
spherical summation operators1 and their boundedness on Lp (Rn ) for a certain range of
p. Building largely oﬀ Feﬀerman’s work [15], Córdoba analyzed the boundedness of the
Nikodym maximal function on R2 to obtain a quantitative estimate on the norm of certain
Bochner-Riesz operators. In our context, we have the following theorem.
Theorem 4.0.1 (Córdoba). In R2 , we have the estimate:
√
1
∗
||fδ ||L2 (S 1 ) . log · ||f ||L2 (R2 ) .
δ

4.1

Resolution of the Kakeya Conjecture in R2

Although Córdoba was concerned with matters other than the Kakeya problem, his
result not only gives a quantitative upper bound for the norm of the maximal operator,
it in fact gives the optimal one. This settles the Kakeya conjecture in two dimensions.
Unfortunately, the proof oﬀers little insight into the higher dimensional cases as it relies
heavily upon the L2 structure. The crucial geometrical lemma below will be our most
1

See Chapter 7, section 3 for a definition and brief discussion.
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valuable item in this chapter and will be utilized repeatedly to improve our understanding
of the more complicated higher dimensional cases. Although Córdoba’s estimate is on
L2 , we state and prove the lemma in Rn , as these critical geometric facts will be needed
later in this greater generality.
Lemma 4.1.1 (Córdoba). For any pair of directions ek , el ∈ S n−1 and any pair of points
a, b ∈ Rn , we have the estimates
diam(Teδk (a) ∩ Teδl (b)) .
and
|Teδk (a) ∩ Teδl (b)| .

δ
,
|ek − el |

(4.1)

δn
.
|ek − el |

(4.2)

This lemma is the ﬁrst critical geometric fact we need about intersections of tubes in
R and we will use it repeatedly throughout the exposition. In line with our intuition,
note that if the tubes lie very close together in space and in orientation (i.e. if |ek − el | ∼
δ), then their intersection is nearly full, |Teδk (a) ∩ Teδl (b)| . δ n−1 . If on the other hand the
tubes are close in space but nearly orthogonal in orientation (i.e. if |ek − el | ∼ 1), then
their intersection is essentially a δ-box in Rn , |Teδk (a) ∩ Teδl (b)| . δ n . We proceed to the
proof.
n

Proof. Clearly we may assume that the tubes lie near each other in space otherwise there
is nothing to prove. A typical high-intersection scenario is illustrated below.
el

Teδl (b)
Teδk (a)
b

ek

a

2δ

Figure 4.1: A typical high intersection scenario of two tubes in R2 .
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1
We begin by proving (4.1). Recall that we may assume all directions lie within 10
of
the vertical. We can easily reduce to the case where the two tubes have a common center
at the origin. To see this, pick any x ∈ Teδk (a) ∩ Teδl (b); we claim that

Teδk (a) ⊂ 2 · Teδk (x) and Teδl (b) ⊂ 2 · Teδl (x).

(4.3)

Indeed, for any y ∈ Teδk (a) we have
|(y − x) · ek | ≤ |(y − a) · ek | + |(x − a) · ek | ≤ 1
since x ∈ Teδk (a) by assumption. Similarly, for any unit vector v ⊥ ek , we have
|(y − x) · v| ≤ |(y − a) · v| + |(x − a) · v| ≤ 2δ
. A completely symmetric argument veriﬁes the second containment in (4.3). Without
loss of generality we may translate the system so that x = 0; thus we see that
Teδk (a) ∩ Teδl (b) ⊂ 2 · Teδk (0) ∩ 2 · Teδl (0),
so it suﬃces to show (4.1) with a = b = 0.
Let x ∈ Teδk (0) ∩ Teδl (0). We are going to parameterize x as we did in Chapter 3, only
here we will have two parameterizations, one for each tube that x lies in. Accordingly,
we know that x lies on some unit line segment Ik that is parallel to ek with midpoint
mk ∈ B(0, δ) lying within the unique hyperplane through the origin with normal vector
ek ; similarly, we know that x lies on some other unit line segment Il that is parallel to
el with midpoint ml ∈ B(0, δ) lying within the unique hyperplane through the origin
with normal vector el . This is to be absolutely precise, but an appeal to the ﬁgure below
should make the situation more clear.
So we have two parameterizations of x ∈ Teδk (0) ∩ Teδl (0):
x = mk + tx ek for some |tx | ≤

1
2

(4.4)

1
x = ml + t′x el for some |t′x | ≤ .
(4.5)
2
Now tx and t′x are both ﬁxed numbers so we may assume that |tx | ≥ |t′x |. We want to
bound |x| from above, so appealing to (4.4) we see that it suﬃces to bound |mk | and |tx |.
We already have |mk | ≤ δ, so we only need a bound for |tx |.
Consider the triangle with vertices at mk , ml , and x as in the ﬁgure above. By the
law of sines, we have that
sin θ′
sin θ
=
;
|mk − ml |
|tx |
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x
m

|ek − el |

(0, 0)
m′

Figure 4.2: A point x ∈ Teδk ∩ Teδl represented as the point of intersection of two line
segments with orientations ek and el , contained in their respective tubes.
consequently, we see that

|mk − ml |
δ
.
sin θ
|ek − el |
since sin θ ∼ θ = |ek − el |. Evidently then, we have
|tx | ≤

|x| ≤ |mk | + |tx | . δ +

δ
δ
.
.
|ek − el |
|ek − el |

(4.6)

The point x was arbitrarily chosen to lie in the intersection Teδk (0) ∩ Teδl (0), so (4.6) holds
for all points in this intersection. Thus, we have
diam(Teδk (0) ∩ Teδl (0)) =

2|x| .

sup
x∈Teδ (0)∩Teδ (0)
k

l

δ
|ek − el |

by (4.6), verifying the ﬁrst part of the lemma, (4.1).
For the second part of the lemma, we apply another containment trick. We claim
that
Cδ
Teδk (0) ∩ Teδl (0) ⊂
· T |ek −el | (0)
|ek − el | ek
for some constant C. But this is immediate from our work above. Indeed, since x ∈
Teδk (0), we know that |x · v| ≤ δ for any unit vector v ⊥ ek and by (4.1), we know that
x ∈ B(0, |ekCδ
) for some constant C. Thus,
−el |
|Teδk (0) ∩ Teδl (0)| ≤

Cδ
δ
δn
· Te|ekk −el | (0) ∼
· δ n−1 =
|ek − el |
|ek − el |
|ek − el |
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as claimed.
Córdoba’s L2 estimate exploits a duality argument. His original proof has a classical ﬂavor as he explicitly analyzes the adjoint of the maximal operator; we will follow
Wolﬀ’s treatment [33] since its methods are more geometrically transparent and also
more prescient of later methods we will develop in the subsequent chapters.
Lemma 4.1.2. Let 1 < p < ∞ and let p′ be the dual exponent of p. Suppose
the
∑ p has
n−1
n−1
p′
following property: if {ek } ⊂ S
is a maximal δ-separated set, and if δ
k |yk | = 1,
then for any choice of points ak ∈ Rn we have
∑
(4.7)
||
yk χTeδ (ak ) ||p′ ≤ A.
k

k

Then there is a bound

||fδ∗ ||Lp (S n−1 ) . A||f ||p .

(4.8)

Proof. Let {ek } be a maximal δ-separated subset of S n−1 and suppose that p has the
property stated in the hypothesis of the lemma. We can discretize the domain of the
Kakeya maximal operator by appealing to a doubling-type argument. To see this, suppose
e, e′ ∈ S n−1 are such that |e − e′ | < δ and ﬁx any x ∈ Teδ (a) where a is an arbitrary
point in Rn . Let E denote the principal axis of Teδ (a) and let b ∈ E be such that
||x − b|| = inf y∈E ||x − y||. This deﬁnes b to be the unique point in E closest to x (we
use the norm notation here to emphasize that the distance is measured in the standard
Euclidean way and to avoid confusion with our notation for the metric on S n−1 ). We
will exploit the simple fact that the Euclidean distance between two points is bounded
by the sum of the distances between these two points and any intermediate point.
Consider the tube Teδ′ (a); we similarly let E ′ denote its axis and deﬁne b′ ∈ E ′ to
satisfy ||b − b′ || = inf y∈E ′ ||b − y||. Now since the two tubes have the same center, we
know that
||b − b′ || = ||a − b|| sin(|e − e′ |) . |e − e′ | < δ
(see the ﬁgure on the next page). Thus, by the triangle inequality,
||x − b′ || ≤ ||x − b|| + ||b − b′ || . δ,
and so x ∈ TeCδ
′ (a) for some constant C.
We have shown that any tube in Rn can be covered by a bounded number of equidimensional tubes with a diﬀerent orientation so long as this new orientation is not very
far from the original. Of course, this agrees with our intuition and we can immediately
∗
see that this implies fδ∗ (e) . fCδ
(e′ ) provided |e − e′ | < δ.
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b
x

|e − e′ |
b′

a

Figure 4.3: The distance between a point x ∈ Teδ (a) to another tube Teδ′ (a).
We use the above procedure now to discretize the domain of our maximal operator
and write
(
)1/p
∑∫
∗
||fδ∗ ||p ≤
fCδ
(e)p de
(
.

D(ek ,δ)

k

δ n−1

∑

)1/p

∗
fCδ
(ek )p

.

k

Using duality between lp and lp′ we have
||fδ∗ ||p . δ n−1

∑

∗
yk fCδ
(ek )

k

∑
n−1

for some sequence {yk } such that δ
maximal function, we ﬁnd that
∑
yk
||fδ∗ ||p . δ n−1

′

k

|yk |p = 1. Plugging in the deﬁnition of the

∫
1
f (x)dx
|TeCδ
(ak )| TeCδ (ak )
k
k
k
∫
∑
1
n−1
.δ
yk δ
f (x/C)dx
|T
(a
)|
δ (a )
k
T
e
k
k
e
k
k

for some choice of {ak }. Notice that the last inequality follows via the general containment
fact that T Cδ ⊂ C · T δ . Now, since |Teδk (ak )| ∼ δ n−1 , it follows that
[∫ (
)
]p
∑
∗ p
yk χTeδ (ak ) (x) f (x/C)dx
||fδ ||p .
k

. ||

∑

k

yk χTeδ

k

p
(ak ) ||p′

k
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· ||f ||pp

by Hölder’s inequality. Applying (4.7) and taking pth roots2 , we arrive at the bound
(4.8) as claimed.
We proceed to the main result on R2 .
Proof of Theorem 4.0.1.
∑ 2Using the previous lemma, it suﬃces to show that 1for any sequence {yk } with δ k yk = 1 and any maximal δ-separated subset {ek } of S we have
√
∑
1
||
yk χTeδ (ak ) ||2 . log .
(4.9)
k
δ
k
We apply the above geometrical lemma to reduce the left-hand side to
∑
∑
||
yk χTeδ (ak ) ||22 =
yk yl |Teδk (ak ) ∩ Teδl (al )|
k

k

k,l

.

∑

yk yl

k,l

δ2
,
|ek − el |

which by a regrouping becomes
.

∑√

√
δyk δyl

k,l

δ
.
|ek − el |

(4.10)

We apply Cauchy-Schwarz to estimtate this quantity further; thus (4.10) becomes
)1/2 (
)1/2
)1/2
)1/2 (∑
(
(
∑
∑√
√
δ
δ
δ
δ
δyk2
δyl2
δyk
δyl
≤
·
|e
|e
|e
|ek − el |
k − el |
k − el |
k − el |
k,l
k,l
k,l
∑
δ
δyk2
=
|ek − el |
k,l
1∑ 2
. log
δyk
δ k
1
= log .
δ
The second to last line follows from the fact that |ek − el | . 1 and that all directions in
our collection our maximally δ-separated; indeed, we see then for any ﬁxed k that
∑ δ
∑ 1
∑
1
δ
.
=
∼ log .
|ek − el |
lδ
l
δ
1
1
l
1≤l≤ δ

1≤l≤ δ

Thus we have (4.9), proving the theorem.
2

This pth root is the only time our image space comes into play. Notice that the same reasoning will
hold if we were after an Lp → Lq estimate as well.
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Notice that Córdoba’s estimate does indeed settle the Kakeya maximal function conjecture in R2 ; for every ϵ > 0 there exists a constant Cϵ such that log 1δ ≤ Cϵ δ −ϵ and
thus
∀ ϵ > 0 ∃ Cϵ : ||fδ∗ ||2 ≤ Cϵ δ −ϵ ||f ||2 .
By Lemma 2.3, we also know that Córdoba’s estimate tells us that Kakeya sets in R2
must have full Hausdorﬀ dimension (and so full Minkowski dimension as well).

4.2

L2 Estimates in Rn

Although Córdoba’s result was originally only obtained in R2 , it can be easily extended to
an L2 estimate on Rn for n ≥ 3. Instead of just directly generalizing the above proof, we
oﬀer an alternative argument due to Bourgain [6]. This proof is purely Fourier analytic
and has an elegant appeal. As with Córdoba’s proof, we will need a geometrical lemma
to obtain the desired result. The argument will force us to again consider a set of tubes,
but this time we will utilize a convolution operation so that they are all centered at the
origin. A scaling will also make these tubes quite fat instead of thin.
Lemma 4.2.1 (Bourgain). Let C ≥ 1 be some constant and suppose δ ≪ C. For any
fixed ξ ∈ Rn , one has the bound
|{e ∈ S n−1 : C · Te1/δ (0) ∋ ξ}| .

1
.
1 + |ξ|

1/δ

Notice that here, the tube C · Te (0) is oriented with the shortest axis in the e direction.
Basically, this lemma gives a quantitative estimate on the size of the set of directions
1/δ
that deﬁne C · Te (0) tubes or slabs containing the ﬁxed point ξ ∈ Rn . These fat slabs
appear naturally as the dual objects to thin tubes via the Fourier transform and indeed
this is how they will appear in our main result. However, we ﬁrst provide a proof of this
geometrical lemma.
Proof. First, suppose |ξ| ≤ 10C so that

1
1+10C

≤

1
.
1+|ξ|

|{e ∈ S n−1 : C · Te1/δ (0) ∋ ξ}| ≤ |S n−1 | .

It follows trivially then that
1
1
≤
.
1 + 10C
1 + |ξ|

1/δ

If instead |ξ| > Cδ , then ξ ∈
/ C · Te (0) for all e ∈ S n−1 and so the estimate is again
trivial.
1/δ
Lastly, if 10C < |ξ| ≤ Cδ , then to ensure that ξ ∈ C · Te (0) for some e, the vectors
ξ and e must be nearly orthogonal. By deﬁnition, we have
C · Te1/δ (0) = {η ∈ Rn : |η · e| ≤ C, |η · v| ≤
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C
for all v ⊥ e}.
δ

(4.11)

We may rotate our system so that ξ lies on the ﬁrst standard Euclidean axis, i.e. so that
ξ = (ξ1 , 0, . . . , 0). Now using our above description of the slab, notice that
C
{e ∈ S n−1 : C · Te1/δ (0) ∋ ξ} = {e : |ξ · e| ≤ C, |ξ · v| ≤
∀ v ⊥ e}
δ
{
}
C
ξ
C
ξ
= e:
·e ≤
,
·v ≤
∀v⊥e .
|ξ|
|ξ| |ξ|
δ|ξ|

(4.12)

The second inequality in (4.12) is trivial; indeed, for any e ∈ S n−1 and any v ⊥ e,
ξ
ξ
C
·v ≤
· |v| = 1 ≤
,
|ξ|
|ξ|
δ|ξ|
since |ξ| ≤

C
.
δ

So (4.12) reduces to simply
{
}
ξ
C
n−1
e∈S
:
·e ≤
.
|ξ|
|ξ|

(4.13)

ξ
Now |ξ|
· e = |e1 | where e = (e1 , . . . , en ), so we see that the remaining restriction in
(4.13) applies only in a single degree of freedom. More precisely, for any direction e in
the set deﬁned by (4.13), there is no restriction on its e2 , . . . , en components; the only
C
restriction we need make is that |e1 | ≤ |ξ|
. This deﬁnes a subset of the sphere that looks
1
much like a ring with thickness ∼ |ξ| in the e1 direction. Consequently, the size of this
1
1
ring is bounded by . |ξ|
. 1+|ξ|
, since |ξ| & 1. The lemma now follows accordingly.

We are now ready to prove our main theorem.
Theorem 4.2.2 (Bourgain). Let n ≥ 3. Then we have the L2 estimate
||fδ∗ ||L2 (S n−1 ) . δ −

n−2
2

||f ||L2 (Rn ) .

Proof. We begin by writing our maximal operator as a maximum of convolutions against
smooth functions. Naturally, this will allow us to take advantage of some nice properties
in the Fourier space.
1
Let φδe (x) = δn−1
χTeδ (0) (x). Then
∫
1
∗
f (y)dy
fδ (e) = sup n−1
a∈Rn δ
Teδ (a)
∫
1
= sup n−1
χTeδ (0) f (y − a)dy
a∈Rn δ
Rn
= sup (φδe ∗ f )(a).
a∈Rn
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The above convolution is against a rough cut-oﬀ function, but we can majorize this
by a smooth representation to take better advantage of certain properties of the Fourier
transform. Choose any function ϕ ∈ S(R), ϕ ≥ 0 such that ϕ̂ has compact support, say
in the interval [− C2 , C2 ], and ϕ(x) ≥ 1 when |x| ≤ 1. Deﬁne ψ : Rn → R by
ψ(x) = ϕ(x1 )

n
1 ∏ ( xj )
ϕ
δ n−1 j=2
δ

where we have written x ∈ Rn as x = (x1 , x2 , . . . , xn ).
Let e1 denote the ﬁrst canonical basis vector in Rn . We claim that φδe1 ≤ ψ. To
see this, notice that
/ Teδ1 (0), then φδe1 (x) = 0 ≤ ψ(x). If instead x ∈ Teδ1 (0), then
( xj )if x ∈
ϕ(x1 ) ≥ 1 and ϕ δ ≥ 1 for all 2 ≤ j ≤ n and so the inequality follows by deﬁnition.
Thus we have
fδ∗ (e1 ) ≤ sup (ψ ∗ f )(a).
a∈Rn

Let ρe denote the rotation that sends the unit vector e to e1 . Deﬁne ψe = ψ ◦ ρe and
notice that φδe ≤ ψe by the same reasoning as before. Consequently,
fδ∗ (e) ≤ sup (ψe ∗ f )(a) = ||ψe ∗ f ||∞ .

(4.14)

a∈Rn

We proceed to the analysis. First we estimate (4.14) as
||ψe ∗ f ||∞ ≤ ||ψ̂e fˆ||1
∫
=
|ψ̂e (ξ)| · |fˆ(ξ)|dξ

(4.15)

Rn

which follows by the trivial fact that the norm of the Fourier transform deﬁned as an
operator from L1 to L∞ is bounded by 1. Rewriting the righthand side of (4.15) and
applying Cauchy-Schwarz, we ﬁnd that


) √
∫ (
√
|ψ̂e (ξ)| 
fδ∗ (e) ≤
dξ
|fˆ(ξ)| |ψ̂e (ξ)| · (1 + |ξ|) 
1 + |ξ|
)1/2
(∫
)1/2 (∫
|
ψ̂
(ξ)|
e
2
|ψ̂e (ξ)| · |fˆ(ξ)| (1 + |ξ|)dξ
≤
dξ
.
(4.16)
1 + |ξ|
We turn our attention to estimating the second integral in (4.16). To do this, we ﬁrst
need to estimate |ψ̂e |. In fact, since ψ̂e = ψ̂ ◦ ρe we need only analyze ψ̂. Clearly, |ψ̂| is
bounded universally by some constant. By a direct computation, we also have that
ψ̂(ξ) = ϕ̂(ξ1 )

n
∏
j=2
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ϕ̂(δξj ).

By our assumptions on ϕ̂ we see that ψ̂ is supported on a tube of size C(1×1/δ×. . .×1/δ)
centered at the origin and oriented so that the shortest dimension points in the e1 direction. It now follows directly that |ψ̂e | is bounded and that ψ̂e is supported on a tube
of size C(1 × 1/δ × . . . × 1/δ) centered at the origin and oriented so that the shortest
1/δ
dimension points in the e-direction, i.e. ψ̂e is supported on C · Te (0). Then
∫
Rn

|ψ̂e (ξ)|
dξ .
1 + |ξ|

∫
1/δ

C·Te

(0)

dξ
=
1 + |ξ|

∫
1/δ

C·Te1 (0)

dξ
,
1 + |ξ|

where the last equality follows by making the obvious unitary transformation in the
integral to rotate our region of integration. We use polar coordinates, with ξ = (ξ1 , ξ ′ ) =
(ξ1 , ξ2 , . . . , ξn ), to rewrite the ﬁnal integral above and estimate
∫
∫
dξdξ ′
dξ ′
.
1 + |ξ|
1 + |ξ ′ |
|ξ1 |≤C, |ξj |≤ C
|ξj |≤ C
δ
δ
∫ C n−2
δ r
dr
.
r
0
∫ C
δ
.
rn−3 dr
∼δ

0
−(n−2)

.

(4.17)

Notice that this is the only part of the argument that would need to be altered if we let
n = 2. Obviously, the bound would then become log(1/δ), agreeing with the bound we
acquired in the previous section.
The estimation done, we can now prove the desired L2 bound. Combining (4.16) and
(4.17), we ﬁnd that
(∫
)
∫
∗ 2
−(n−2)
2
ˆ
||fδ ||2 . δ
|f (ξ)| (1 + |ξ|)
|ψ̂e (ξ)|de dξ.
(4.18)
Rn

S n−1

Now we are in a position to apply the lemma. Notice that for any ﬁxed ξ ∈ Rn ,
∫
1
|ψ̂e (ξ)|de . |supp(ψ̂e (ξ))| = |{e ∈ S n−1 : C · Te1/δ (0) ∋ ξ}| .
1 + |ξ|
S n−1
by Lemma 4.2.1. Thus (4.18) becomes
∫
−(n−2)
∗ 2
||fδ ||2 . δ

Rn

|fˆ(ξ)|2 dξ = δ −(n−2) ||f ||22

by Plancherel’s theorem. Taking square roots, we obtain Theorem 4.2.2.
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This result eﬀectively illuminates the L2 behavior of our maximal operator, but clearly
we would like more. In the next two sections we will build up some impressive machinery
to tackle the problem of Lp estimation of the Kakeya operator on a general Rn . Most
of the ideas that follow are due to Bourgain [6], Tao [29] and Wolﬀ [31] and have many
wide-ranging applications than just directly to the problem of Kakeya. The techniques
will utitlize every component we have so far presented and in their totality represent a
truly sophisticated piece of analytical craftsmanship.
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Chapter 5
The Bush Argument
The main result of Córdoba in Chapter 4 gave us the estimate K(2), in the notation
of Section 2.4. In this chapter, we present Bourgain’s so-called “bush” argument which
provides the improved estimate K( n+1
) and so the lower bound of n+1
on the Hausdorﬀ
2
2
dimension of Kakeya sets in Rn . We will give two proofs of this estimate. The analyses
will be very similar, but the preliminary reductions will diﬀer enough to be instructive.
In Section 5.1, we give Bourgain’s [6] original proof, following Wolﬀ’s treatment [33], and
prove the restricted weak type-( n+1
, n + 1) estimate
2
Theorem 5.0.1 (Bourgain).
||fδ∗ ||n+1,∞ .n δ − n+1 ||f || n+1 ,1 .
n−1

2

(5.1)

As we have seen, this is more than we need to get the analogous bound on the Hausdorﬀ dimension of Kakeya sets in Rn , as it implies the equivalent strong type estimate
on the diagonal (see Section 2.4). We feel that this analytical overkill is still instructive though due to the prevalency of these techniques in much of the literature from the
1990’s.
In Section 5.2, we will once again prove the estimate K( n+1
), this time exploiting a
2
similar duality argument as was used in Section 4.1. However, we will reﬁne this approach
and thus, streamline the analysis. This will not only illustrate the diﬀerent philosophies
behind deriving Kakeya estimates, but it will lay the foundation for the much more
complicated arguments of Chapter 6.
The main strategy of the bush argument will involve bounding the size of a set E in
Rn from below by considering its intersection with a δ-separated family of tubes. The
δ-separation will allow us to control the intersection and thus estimate |E| from below
by essentially the complement of this intersection. If we think of many lines intersecting
at a single point, then expanding these lines to small tubes should not produce a large
intersection. Thus, when many tubes intersect E at a certain point, this technique should
give a good lower bound by virtue of the intersection being quite small.
55

5.1

Bourgain’s Approach

Equation (5.1) is a restricted weak type-( n+1
, n + 1) estimate and as such should be
2
interpreted as
(
)n+1
2
n−1 |E| n+1
|{e ∈ S n−1 : (χE )∗δ (e) ≥ λ}| ≤ Cn δ − n+1
,
(5.2)
λ
for all sets E ⊂ Rn with ﬁnite measure, all 0 < λ ≤ 1 and where p =
make the following reduction.

n+1
,
2

q = n + 1. We

Lemma 5.1.1. Let E be a set in Rn and for 0 < λ ≤ 1, denote by DE (λ) = {e ∈ S n−1 :
(χE )∗δ (e) ≥ λ}. Suppose that the subset {ej }M
j=1 ⊂ DE (λ) is δ-separated. If
n+1 √
|E| & δ n−1 λ 2 M ,
(5.3)
then equation (5.2) holds.
The lemma will follow from a simple combinatorial fact about δ-separated directions.
For this, we make a deﬁnition.
Definition 5.1.2. For any subset Ω ⊆ S n−1 , |Ω| > 0, r > 0, define its r-entropy Nr (Ω)
as the maximum possible cardinality for an r-separated subset of Ω.
Fact 5.1.3. In the notation just defined,
|Ω|
.
(5.4)
rn−1
Proof. To see this, we consider Ω and S n−1 to be hypersurfaces in Rn . If we cover the
sphere by connected pieces or caps, each of radius about rn−1 , so that the center of any
n−1
1
particular cap is not contained in any others, then we see Nr (S n−1 ) ∼ |Srn−1 | ∼ rn−1
.
n−1
n−1
Now, for any other subset Ω ⊂ S , we clearly have Nr (Ω) ≤ Nr (S ) and so the ﬁrst
inequality in (5.4) follows.
Now suppose that the second inequality does not hold for some Ω ⊂ S n−1 such that
|Ω| > 0. Then since we can always cover S n−1 by a ﬁnite number of rotated copies of Ω,
we see that we would have to contradict our ﬁrst inequality for Ω = S n−1 .
1

rn−1

& Nr (Ω) &

We can now exploit this fact to prove the lemma.
Proof of Lemma 5.1.1. It suﬃces to prove the lemma for M = Nδ (DE (λ)); by equation
(5.4) and our hypothesis (5.3), we have
δ n−1 |DE (λ)| . δ 2(n−1) M .
Rearranging this expression, we arrive at (5.2).
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|E|2
.
λn+1

So we have reduced proving the pure restricted weak type estimate of (5.2) to only
having to prove (5.3) for any δ-separated subset {ej }M
j=1 ⊂ DE (λ).
To apply Lemma 5.1.1, we want a lower bound on the size of any set E ⊂ Rn ,
|E| > 0, given some δ-separated subset {ej }M
j=1 ⊆ DE (λ). Using the deﬁnition of the
Kakeya maximal function, we see that for any 1 ≤ j ≤ M ,
(χE )∗δ (ej ) ≥

|E ∩ Teδj |
|Teδj |

≥ λ,

(5.5)

for some δ-tube oriented in the ej direction. In this way, we may assign a tube Teδj
with a relatively large E-intersection to each direction ej in our δ-separated subset of
DE (λ). Analyzing how these tubes interact with the set E will lead us to the lower bound
necessary to apply the lemma.
Fix a positive integer µ to be determined later; there are two basic cases to consider.
First, our tubes may be well dispersed so that no point of E belongs to more than µ
tubes. For this case, we use a trivial lower bound. The other alternative is that there
may be some point in E that belongs to many diﬀerent, say more than µ, tubes. This
case will lead us to consider how these tubes intersect at the high multiplicity point. If
many tubes intersect a single point of E, then since their directions are all δ-separated,
the object formed by these tubes will look like a spiky burr or bush; thus, we will be
forced to analyze the intersection properties of this bush object. This second case will
require the other facts that we have established in addition to two more general lemmas
in order to attain a suitable lower bound on |E|.
Inequality (5.5) tells us that if ej ∈ DE (λ), then we have the bound |E ∩ Teδj | & λδ n−1 .
This next lemma tells us that the same estimate will hold if we cut out a small enough
portion of the intersection.
Lemma 5.1.4. Let E ⊂ Rn be such that |E| > 0. Let 0 < λ ≤ 1 and suppose we have a
tube Teδ such that |E ∩ Teδ | ≥ λ|Teδ |. Then for any a ∈ E ∩ Teδ , there exists a constant c0
dependent on λ, δ and e such that
c
|E ∩ Teδ ∩ B(a, c−1
0 λ) | ≥

λ δ
|T |,
2 e

(5.6)

where Ac denotes the complement of the set A in Rn .
Proof. Pick a point a ∈ E ∩ Teδ . For any choice of c0 , we can write
δ
−1 c
|E ∩ Teδ | = |E ∩ Teδ ∩ B(a, c−1
0 λ)| + |E ∩ Te ∩ B(a, c0 λ) |.

We want to bound the ﬁrst term in (5.7) from above. Observe that
−1
δ
|E ∩ Teδ ∩ B(a, c−1
0 λ)| ≤ |Te ∩ B(a, c0 λ)|;
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(5.7)

λ
δ
so choose c0 (dependent on λ, δ and e) such that |Teδ ∩ B(a, c−1
0 λ)| ≤ 2 |Te |. Explicitly,
this can be accomplished as follows. If λ ≤ c0 δ, then we trivially have
( )n
λ
λ
λ
δ
−1
−1
|Te ∩ B(a, c0 λ)| ≤ |B(a, c0 λ)| ∼
≤ δ n−1 ∼ |Teδ |.
c0
c0
2

If instead c0 δ < λ ≤ 1, then we contain the intersection Teδ ∩ B(a, c−1
0 λ) in a tube
−1
centered at a of length ∼ c0 λ in the e direction and width δ in all orthogonal directions.
Consequently, the size of the intersection is dominated by the size of the tube which can
itself be dominated by λ2 |Teδ | for an appropriately large c0 .
Combining the above analysis with our hypothesis that |E ∩ Teδ | ≥ λ|Teδ | and (5.7),
we obtain
c
δ
δ
−1
|E ∩ Teδ ∩ B(a, c−1
0 λ) | ≥ λ|Te | − |Te ∩ B(a, c0 λ)| ≥

λ δ
|T |,
2 e

as was to be shown.
This bound on the trimmed intersection will allow us to construct a lower bound for
|E| by considering many such intersections that are disjoint by virtue of the trimming
action. This is highly suggestive of the case when many tubes intersect E at or near a
single point and indeed, this is how we will utilize Lemma 5.1.4 in the bush argument.
We have a ﬁnal counting lemma before we begin the proof of Bourgain’s theorem.
n−1
Lemma 5.1.5. Suppose {ej }m
is δ-separated and let c1 be some constant to be
j=1 ⊂ S
determined later. Then for any fixed k, we have
{
}
δ
# j : θ(ej , ek ) ≥ c1
& λn−1 m.
(5.8)
λ

Proof. Clearly we need to make a combinatorial argument to quantify the cardinality of
the set in (5.8); this is where our Fact 5.1.3 will come into play. Let C(ej , δ) denote the
cap on S n−1 with center ej and radius δ; then
{ej }m
j=1

⊂

m
∪

C(ej , δ),

j=1

a disjoint union of δ-caps. For convenience, denote this union by U . To prove (5.8), we
need a lower bound on a maximal c1 λδ -separation of {ej }m
j=1 . We claim that the size of
such a separation is at least as big as the maximum cardinality of a 2c1 λδ -separation of
U , which, by (5.4), is bounded by
N2c1 δ (U ) &
λ

mδ n−1
∼ λn−1 m.
(2c1 δ/λ)n−1
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(5.9)

By construction, whatever elements of U we pick for our maximal 2c1 λδ -separated subset,
we cannot have any two of these lying in the same cap. So in a sense, we are in fact 2c1 λδ separating our caps. Notice however that we cannot immediately assert that the centers
of these caps are separated in exactly the same way, as the ﬁgure below demonstrates.

u1

|u1 − u2 | =

ej1

|ej1 − ej2 | <

2c1 δ
λ

u2
2c1 δ
λ

ej2

Figure 5.1: Two 2cλ1 δ -separated directions u1 , u2 ∈ U lying in caps with centers ej1 , ej2
that are not 2cλ1 δ -separated.
What we can say with certainty is that the centers of these caps are not separated by
much less. More precisely, we have
θ(ej1 , ej2 ) ≥ 2c1

δ
− c2 δ,
λ

(5.10)

where c2 is the absolute constant such that diam(C(e, δ)) = c2 δ. We can now determine
that whatever the value of c1 may be, we must insist that c1 > c2 . With this choice,
(5.10) becomes
δ
θ(ej1 , ej2 ) ≥ c1 .
λ
δ
Thus, any 2c1 λ -separation of U automatically gives a c1 λδ -separation of the discrete set
δ
R
{ej }m
j=1 . More precisely, let {αr }r=1 be a 2c1 λ -separated subset of U . Pick αr and αr′ ,
r ̸= r′ . Then αr ∈ C(ejr , δ) and αr′ ∈ C(ejr′ , δ). So by the above analysis, we know that
δ
m
θ(ejr , ejr′ ) ≥ c1 λδ ; thus, {ejr }R
r=1 is a c1 λ -separated subset of {ej }j=1 . Since this procedure
δ
of U , including a maximal separation, we conclude that
works
{ for any 2c1 λ -separation
}
# j : θ(ej , ek ) ≥ c1 λδ ≥ N2c1 δ (U ) for any ﬁxed k. Applying (5.9), it now follows that
λ
{
}
δ
# j : θ(ej , ek ) ≥ c1
& λn−1 µ
λ
for any ﬁxed k.
With all the necessary lemmas established, we proceed to the proof of Bourgain’s
theorem.
Proof of Theorem 5.0.1. We analyze the two multiplicity cases separately, choosing a
suitable µ upon completion.
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Case 1. (low multiplicity) Suppose that no point of E belongs to more than µ of our
tubes Teδj , i.e.
M
∑
χTej (x) ≤ µ,
j=1

for all x ∈ E. Integrating over E, we have
|E| ≥

1∑
|E ∩ Teδj |.
µ j

Applying equation (5.5) and summing over all j yields
|E| &

λ
M δ n−1 .
µ

(5.11)

Notice that this estimate holds for any µ we choose; however, the estimate becomes worse
the larger we make µ.
Case 2. (high multiplicity) Now suppose that some point a ∈ E belongs to more than
µ tubes Teδj . Reordering if necessary, we may assume that a ∈ Teδj for all j ≤ µ + 1. As
before, we want to utilize (5.5), but it does not suﬃce to just consider the intersections
E ∩ Teδj superﬁcially. Instead, we will cut out a small portion of the intersection near
the high multiplicity point and construct a lower bound for the remaining set. Applying
Lemma 5.1.4, we have that there exists some constant c0 such that
n−1
|E ∩ Teδj ∩ B(a, c−1
0 λ)| & λδ

(5.12)

for all j ≤ µ + 1.
Now we apply Lemma 4.1.1 (Córdoba’s geometrical lemma) to convert (5.12) into a
tighter lower bound for |E|. Fix k ≤ µ + 1; then if j ≤ µ + 1, the intersection Teδj ∩ Teδk
contains a and has diameter . θ(ejδ,ek ) by Lemma 4.1.1. Let c1 be a suitable constant
determined by applying Lemma 5.1.5 to the collection {ej }µ+1
j=1 such that we also have
c1 > c0 . Notice if θ(ej , ek ) ≥ c1 λδ , then we have diam(Teδj ∩ Teδk ) . c−1
0 λ. Consequently,
−1 c
−1 c
δ
δ
the sets E ∩ Tej ∩ B(a, c0 λ) and E ∩ Tek ∩ B(a, c0 λ) are disjoint. This is the crucial
geometric fact for the bush argument and it is really just an extension of the obvious
fact that two lines intersect at a single point. Of course though, we have had to adapt
this bit of trivia to suit our δ-thickened needs. What this aﬀords us is that we can now
bound |E| from below by the sum of certain trimmed intersections as in (5.12) rather
than by just a single trimmed intersection, thus tightening the bound. What we have
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then is that
|E| ≥

∑

c
|E ∩ Teδj ∩ B(a, c−1
0 λ) |

δ
j:θ(ej ,ek )≥c1 λ

{
}
δ
& # j : θ(ej , ek ) ≥ c1
· λδ n−1 .
λ

(5.13)

Notice that we need not include the trimmed intersection corresponding to the tube
Teδk since this would not tighten the bound by more than an adjustment to the implicit
constant. The cardinality of the set in (5.13) is of the form treated in Lemma 5.1.5, so
combining (5.13) with the estimate (5.8), we arrive at the bound
|E| & λn δ n−1 µ,

(5.14)

completing the analysis of the high multiplicity case.
It is clear that for any positive integer µ either (5.11) or (5.14) must hold. If we set
n−1 √
µ ∼ λ−( 2 ) M , then both estimates reduce to
n+1 √
|E| & δ n−1 λ 2 M .
This is exactly the bound we need to apply Lemma 5.1.1; hence, our restricted weak type
estimate follows and we have Bourgain’s theorem.
Using Proposition 2.3.3, we immediately see that Kakeya sets in Rn have Hausdorﬀ
dimension at least n+1
. Of course, we can also use the methods of Section 2.4 to see that
2
), and so that the Hausdorﬀ dimension
Bourgain’s theorem implies the estimate K( n+1
2
of Kakeya sets in Rn is bounded below by n+1
by
Proposition 2.3.1. Whatever route we
2
choose, we are still left with the feeling that this result is clearly far from optimal, at
least in light of the Kakeya set conjecure. But before we move onto proving a stronger
bound, we will take another look at the bush argument from a diﬀerent angle. This new
perspective will prove to be especially useful when we present Wolﬀ’s hairbrush argument
in the next chapter.

5.2

Tao’s Approach

We introduce the notation A / B if one has A ≤ Cϵ δ −ϵ B for every ϵ > 0. Thus A / B is
weaker than A . B, but only by a factor of δ −ϵ . In the context of the Kakeya conjectures,
we see that a Kakeya estimate A / B is just as good as A . B since we can always aﬀord
to takea δ −ϵ loss. In fact, examining the maximal function conjecture (Conjecture 1.2.2)
and Proposition 2.3.1 directly, we see that no ﬁnite number of extra δ −ϵ factors in our
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estimates will force us to weaken our conclusions about the norm of the operator or the
dimension of Kakeya sets.
One of the attractive features of working with restricted weak type estimates as in
Bourgain’s argument is that, by deﬁnition of the maximal function, we are then led to
analyze how dense a given δ-tube is in a set E; this is the substance of (5.5). However, we
can simplify matters further by disregarding the arbitrary set E. After all, the geometry
of the problem should depend only upon how our δ-tubes interact with each other. Thus,
we would like to trim the argument down and simplify the objects we are working with.
Tao oﬀers the best path to this slick treatment and we will follow his lecture notes [30]
for the remainder of this and the following chapter.
Basically, we want to make use of the duality approach as in Chapter 4. In its present
form, this may actually complicate things, so we will ﬁrst strengthen Lemma 4.1.2 to
remove the dependency on our set of directions being maximally δ-separated and on the
prescence of the normalizing dual sequence {yk }. More precisely, what we are after is the
following.
Proposition 5.2.1. Let 1 < p < ∞ and let p′ be the dual exponent of p. Suppose p has
the following property: if Ω ⊂ S n−1 is any δ-separated set, and if
∑
||
χTω ||p′ / A
(5.15)
ω∈Ω

for any collection of (1 × δ × · · · × δ)-tubes {Tω }ω∈Ω , then there is a bound
||fδ∗ ||Lp (S n−1 ) / A||f ||p .
This will allow us to streamline the bush argument and concentrate more on the
inherent geometrical nature of the problem, rather than getting too bogged down in
messy, analytical details. This will prove to be very useful in the next chapter when
we present the considerably more complicated hairbrush argument to reﬁne the estimate
K( n+1
) to K( n+2
). The following version of the bush argument, as well as all of Chapter 6,
2
2
will liberally exploit the classic pigeonhole principle. We have already used this principle
several times, but now it will appear in nearly every reduction we make. It is worth
mentioning that this principle will often be disguised as an application of the mean value
theorem, its continuous analogue. This simple but powerful tool will aid us in trimming
much of the analysis down to a more intuitively palpable level.
To prove Proposition 5.2.1, we will combine two intermediate lemmas.
Lemma 5.2.2. Let 1 < p < ∞ and let {Tω }ω∈Ω be any collection of (1 × δ × · · · × δ)-tubes
with orientations from any δ-separated set Ω ⊂ S n−1 . Then a bound of the form
(
) 1′
p
∑
∑
||
χTω ||p′ / A ·
|Tω |
(5.16)
ω∈Ω

ω∈Ω
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implies a bound

||fδ∗ ||Lp (S n−1 ) / A||f ||p .

Clearly, we can estimate (5.16) as
(
A·

∑

) 1′
p

|Tω |

1

∼ A · (δ n−1 #Ω) p′

(5.17)

ω∈Ω

/ A,
so if (5.16) holds, then (5.15) holds. The amazing thing is though that this implication
is reversible.
Lemma 5.2.3. If (5.15) holds, then (5.16) holds.
If we can establish these two lemmas, then we immediately have the proposition by
transitivity. We begin with the simpler of the two.
Proof of Lemma 5.2.2. We will prove this lemma by appealing to Wolﬀ’s duality argument (Lemma
4.1.2) directly. Let Ω ⊂ S n−1 be δ-separated and let {yω }ω∈Ω be such that
∑
′
δ 1−n = ω |yω |p . We want to prove that
∑
||
yω χTω ||p′ / A
ω

if (5.16) holds. By the triangle inequality, it suﬃces to show that
∑
||
|yω |χTω ||p′ / A,
ω

so there is no harm in assuming yω ≥ 0. With this in place, deﬁne
Ω−1 = {ω ∈ Ω : 0 ≤ yω < 1},

Clearly then Ω =

∪
j

Ωj = {ω ∈ Ω : 2j ≤ yω < 2j+1 }, j ≥ 0.
Ωj and
δ

1−n

=

∑
ω

Now
||

∑

′
yωp

=

∞ ∑
∑

∼

j=−1 ω∈Ωj

yω χTω || ≤

∞
∑

p′

ω

′
yωp

j=−1
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∞
∑

′

2jp #Ωj .

(5.18)

j=−1

||

∑
ω∈Ωj

yω χTω ||p′ ,

(5.19)

but we would like to remove the dependency on the yω ’s from this expression. As such,
we let zω = 2−j yω for all ω ∈ Ωj so that zω ∼ 1. Then (5.19) becomes
∑
∑
∑
∑
2j ||
zω χTω ||p′ .
2j ||
χTω ||p′
j

j

Ωj

Ωj


 1′
p
∑
∑
j
.
2 A·
|Tω |
j

. Aδ

n−1
p′

∑

Ωj
1

2j (#Ωj ) p′

(5.20)

j

by hypothesis. We apply Hölder to the sum in (5.20) and combine with (5.18) and (5.19)
to deduce that
(
) 1′
p
∑
∑ ′
n−1
1
||
yω χTω ||p′ . Aδ p′ (#j) p
2jp #Ωj
j

Ω

. Aδ

n−1
p′

)1
(
1 p 1−n
δ p′
log
δ

/ A.
This calculation holds for any δ-separated set Ω, so in particular if Ω is maximally
δ-separated, then the hypothesis of Lemma 4.1.2 holds. Thus, its conclusion follows
accordingly, giving us the desired bound.
We proceed to the proof of the second lemma.
Proof of Lemma 5.2.3. For each integer N . δ 1−n , let c(N ) denote the smallest constant
such that
∑
||
χTω ||p′ . c(N )
(5.21)
ω∈Ω

holds for all δ-separated sets Ω with #Ω ≤ N . Since we are assuming (5.15) holds, we
know that c(N ) / 1; in light of (5.17), we need to improve this estimate to
1

c(N ) / (δ n−1 N ) p′ .

(5.22)

We will use a probability trick to derive this estimate from a recursive inequality.
Suppose that N ≪ δ 1−n . By deﬁnition, we can ﬁnd a δ-separated set Ω such that
#Ω = N and
∑
||
χTω ||p′ = c(N ).
ω∈Ω
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Now let U be a rotation in Rn selected uniformly at random from the orthogonal
group O(n) and consider the set U (Ω). It is an easy probability to exercise to show that
this set will be disjoint from Ω almost surely. If we deﬁne TU (ω) to be the rotated tube
U (Tω ), then by symmetry we have
∑
||
χTω ||p′ = c(N ).
ω∈U (Ω)

The binomial theroem gives us that ||f + g||qq ≥ ||f ||qq + ||g||qq for any 1 ≤ q < ∞ and
nonnegative f, g; therefore,
∑
′
||
χTω ||p′ ≥ 21/p c(N ).
(5.23)
ω∈Ω

∪

U (Ω)

Even though Ω ∪ U (Ω) is a disjoint union, there is nothing to guarantee that it is δseparated, something that we would obviously like to require. To do this, we need to
ensure that we can ﬁnd an appropriate rotation U , no matter what our initial set of
directions Ω may be, so that our larger set of directions Ω ∪ U (Ω) can be δ-separated
after we remove a very small number of its elements.
To this end, we let a(Ω, U (Ω)) denote the number of pairs in Ω × U (Ω) with ﬁrst and
second coordinates within δ of each other; i.e.
a(Ω, U (Ω)) = #{(ω, ω ′ ) ∈ Ω × U (Ω) : |ω − ω ′ | ≤ δ}.
We can write this more explicitly as
a(Ω, U (Ω)) =

∑∑

χB(0,δ) (ω − U (ω ′ )).

ω∈Ω ω ′ ∈Ω

If we let U range over the orthogonal group O(n), then we can use the normalized Haar
measure1 dO(n) to write
∫
∑∑
f (ω, ω ′ )
(5.24)
a(Ω, U (Ω))dO(n) =
O(n)

ω∈Ω ω ′ ∈Ω

where
′

∫

f (ω, ω ) =

χB(0,δ) (ω − U (ω ′ ))dO(n).

O(n)
1

See Conway [10], pp. 155-56 for the necessary background on the Haar measure of a topological
group.
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Since we are integrating over the entire group O(n), symmetry considerations tell us that
f is independent of the choice of ω ′ . Thus we can write
∫
∫
1
′
f (ω, ω ) = n−1
χB(0,δ) (ω − U (ω ′ ))dω ′ dO(n).
|S | O(n) S n−1
If we examine the inner integral only, then ω and U are ﬁxed, so
∫
∫
′
′
χB(0,δ) (ω − e)de
χB(0,δ) (ω − U (ω ))dω =
S n−1

S n−1

= |{e ∈ S n−1 : |ω − e| ≤ δ}|
∼ δ n−1 ,
∫
the surface measure of the ball B(0, δ). So since O(n) dO(n) = 1 by deﬁnition, we see
that f (ω, ω ′ ) ∼ δ n−1 uniformly; thus, (5.24) becomes
∫
a(Ω, U (Ω))dO(n) ∼ δ n−1 N 2 ,
O(n)

since #(Ω × U (Ω)) = N 2 almost surely.
What this means is that we can always ﬁnd a rotation U such that a(Ω, U (Ω)) .
δ n−1 N 2 just by pigeonholing (or applying the mean value theorem). This is what we are
after. Fix one of these rotations U now and partition the set Ω ∪ U (Ω) into δ-separated
pieces. To do this, for any Γ ⊆ S n−1 , let
AΓ = {e ∈ Γ : |e − ω| ≤ δ for some ω ∈ Ω ∪ U (Ω)}.
Now Ω is δ-separated, so U (Ω) must be also and thus so are the sets AΩ and AU (Ω) . So
we can partition Ω ∪ U (Ω) into δ-separated parts where #AΩ = O(δ n−1 N 2 ), #AU (Ω) =
O(δ n−1 N 2 ), and #(Ω ∪ U (Ω) \ (AΩ ∪ AU (Ω) )) ≤ 2N , i.e. two small δ-separated sets and
one large. Using the deﬁnition of c(N ) in (5.21) and the triangle inequality, we thus have
that
∑
||
χTω ||p′ ≤ c(2N ) + 2c(Cδ n−1 N 2 )
ω∈Ω

∪

U (Ω)

for some constant C. Combining this with the lower bound in (5.23), we get the inequality
′

c(N ) ≤ 2−1/p c(2N ) + 2c(Cδ n−1 N 2 ).

(5.25)
′

Now we want to establish (5.22), or equivalently, c(N )(δ 1−n N −1 )1/p / 1. Regardless
of our choice of N , we see that there exists some k ≥ 0 such that δ 1−n N −1 ∼ 2k ; so
N ∼ 2−k δ 1−n . Thus it will suﬃce to require
′

ck ∼ 2k/p c(2−k δ 1−n ) / 1
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(5.26)

for all k ≥ 0. Notice that if k & log(1/δ n−1 ), then 2k & δ 1−n and consequently N . 1,
a contradiction. Thus it is enough to prove (5.26) for all 0 ≤ k . log(1/δ). Multiplying
′
through by the factor 2k/p in (5.25), we see that what we have to work with is the
recursive inequality
′
ck ≤ ck−1 + C2−k/p c2k
(5.27)
for some constant C. Notice that if we did not have the second summand in (5.27) (the
error term), then we could conclude immediately that ck is a nonincreasing sequence in
k and thus it attains its maximum at c0 . But c0 = c(δ 1−n ) / 1 by hypothesis, equation
(5.15), so ck / 1 for all k. Looking back at (5.26), we see that this would imply that
′
c(N )(δ 1−n N −1 )1/p / 1 for all N ≤ δ 1−n ; this is exactly (5.16), and would verify our
lemma.
Unfortunately, we cannot just drop the error term from (5.27) altogether; nevertheless,
we would like to assert that ck behaves as well as a nonincreasing sequence and apply the
same subsequent reasoning to conclude our lemma. To do so, we will have to introduce
a new sequence dk deﬁned by
′

dk = ck (1 + C0 2−k/p ),
for some suﬃciently large C0 to be chosen later. We claim that if A > C, then
′

dk < dk−1 + C2−k/p (A(d2k − dk ) + (dk−1 − dk ))

(5.28)

for all k ≥ k0 , where k0 is some ﬁxed constant. To verify this claim, multiply (5.27)
′
through by a factor of (1 + C0 2−k/p ) to ﬁnd that
′

′

′

dk ≤ ck−1 (1 + C0 2−k/p ) + C2−k/p c2k (1 + C0 2−k/p )
(
)
(
′
′ )
1 + C0 2−k/p
1 + C0 2−k/p
−k/p′
= dk−1
+ C2
d2k
.
1 + C0 2−(k−1)/p′
1 + C0 2−2k/p′

(5.29)

Subtracting (5.28) from (5.29) and rearranging, we see that we aim to show
)
(
(
′ )
′
1 + C0 2−k/p
1 + C0 2−k/p
−k/p′
−k/p′
−k/p′
(A+1)2
dk < dk−1 1 + 2
−
+d2k 2
A−
.
1 + C0 2−(k−1)/p′
1 + C0 2−2k/p′
We substitute in for ck and simplify to arrive at the proposed inequality
[
[
′
′]
′
′]
1 + C0 (21/p − 1) + C0 2−(k−1)/p
(A − C)2k/p − CC0 + AC0 2−k/p
−k/p′
ck < ck−1
+C2
.
c2k
(A + 1)(1 + C0 2−k/p′ )
C(A + 1)(1 + C0 2−k/p′ )
Since we know (5.27) holds, it is enough to show that each of the bracketed terms above
are greater than 1. For the ﬁrst coeﬃcient, notice for all large k we have
′

′

′

1 + C0 (21/p − 1)
1 + C0 (21/p − 1) + C0 2−(k−1)/p
>
(A + 1)(1 + C0 2−k/p′ )
2(A + 1)
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and that this can be made greater than 1 just by chosing C0 large compared to A (recall
that A was already ﬁxed to be larger than C). For the second coeﬃcient, we have
′

k/p′

′

(A − C)2C C0
(A − C)2k/p − CC0 + AC0 2−k/p
>
′
−k/p
C(A + 1)(1 + C0 2
)
2C(A + 1)
if k is large enough. Since A > C, this can again be made greater than 1 by choosing
k appropriately large. Evidently then, we choose a k0 so that both bounds hold for all
k ≥ k0 .
Thus, the recursive inequality (5.28) holds for all k ≥ k0 . Let kmax maximize dk in
the range [k0 , O(log(1/δ))]. Applying (5.28), we have
′

dkmax < dkmax −1 + C2−k/p (A(d2kmax − dkmax ) + (dkmax −1 − dkmax )).
Now the second summand must be negative, so we see that dkmax < dkmax −1 which forces
kmax = k0 . Therefore, ck < ck0 for all k > k0 . Notice that we trivially have ck . ck0 for
′
all k < k0 . So since ck0 ∼ c(2−k0 δ 1−n )2k0 /p . c(δ 1−n ) = c0 / 1 by hypothesis, we have
that ck / 1 for all 0 ≤ k . log(1/δ), completing the proof of Lemma 5.2.3.
Thus, to prove the estimate K( n+1
), it suﬃces to show
2
||

∑

χTω || n+1 / δ − n+1 ,
n−1

n−1

ω∈Ω

where Ω is any δ-separated subset of S n−1 , {Tω }ω∈Ω is any collection of δ-tubes with the
given orientations. Notice that p′ = n+1
and − np + 1 = − n−1
, so the above expression
n−1
n+1
n+1
really is K( 2 ). Simplifying this, we ﬁnd that we want to show
∫ (∑

n+1
) n−1

χTω (x)

dx / δ −1 .

(5.30)

ω∈Ω

As mentioned above, we will take great advantage of the pigeonhole principle in the
following argument, but we will also employ dyadic decomposition to further discretize
the objects of interest. This is another classic analytical tool that will provide us a
considerable beneﬁt to simplifying the intuition.
To this end, we proceed to discretize the domain of integration in (5.30).
∑ Notice that
1−n
#Ω = O(δ ); this follows immediately by applying Fact 5.1.3. Thus, ω∈Ω χTω (x) ∈
[0, O(δ 1−n )] ∩ Z for any x ∈ Rn . If we let µ range dyadically from 1 to O(δ 1−n ) and deﬁne
the sets
∑
Eµ = {x : µ ≤
χTω (x) < 2µ},
ω∈Ω
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then we can rewrite the lefthand side of (5.30) as
n+1
(
) n−1
∑∫
∑
∑ n+1
χTω (x)
dx ∼
µ n−1 |Eµ |.
µ

Eµ

µ

ω∈Ω

Now the number of µ cannot exceed log(δ 1−n ) ∼ log 1/δ, and since log 1/δ / 1, we see
that to prove (5.30) it suﬃces to show that
n+1

µ n−1 |Eµ | / δ −1

(5.31)

holds for each µ. Notice that the set Eµ is precisely our bush object; indeed, by deﬁnition
it is the set of points that lie in µ tubes. Clearly, we need some control over how much
of each tube is contained in the set Eµ , i.e. we need to analyze the density of the tubes
in this set. This is what the quantity λ did for us before and we will use it again,
taking advantage of another dyadic decomposition. Before that though, we make an easy
reduction.
Fix µ and suppose |Eµ | ≤ δ n . Then
n+1

n+1

µ n−1 |Eµ | . (δ 1−n ) n−1 δ n = δ −1 ,
and so (5.31) is trivially satisﬁed. Thus we may assume |Eµ | ≥ δ n .
With our µ ﬁxed, we use the deﬁnition of Eµ to write
∫ ∑
∑
µ|Eµ | ∼
χTω (x)dx =
|Tω ∩ Eµ |.
Eµ ω∈Ω

ω∈Ω

Now the set |Tω ∩ Eµ | can range in value from 0 to |Tω |, so we can discretize this range
and for each each dyadic λ between δ 2n and 12 , deﬁne
Ωλ = {ω ∈ Ω : λ|Tω | < |Tω ∩ Eµ | ≤ 2λ|Tω |};
thus, we can write
∑
∑∑
|Tω ∩ Eµ | =
|Tω ∩ Eµ | +
ω∈Ω

λ

∑
ω:|Tω ∩Eµ |≤δ 2n |Tω |

ω∈Ωλ

|Tω ∩ Eµ |.

(5.32)

∑ ∑
It is easy to show that the second term can be ignored. First notice that λ ω∈Ωλ |Tω ∩
Eµ | . µ|Eµ | trivially; then notice that since µ ≥ 1, |Eµ | ≥ δ n , and #Ω . δ 1−n , we have
∑∑
∑
|Tω ∩ Eµ |
|Tω ∩ Eµ | ∼ µ|Eµ | −
λ

ω:|Tω ∩Eµ |≤δ 2n |Tω |

ω∈Ωλ

& µ|Eµ | − δ 2n
1
& µ|Eµ |.
2
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Consequently, we can simplify (5.32) and just write
∑∑
µ|Eµ | ∼
|Tω ∩ Eµ |.
λ

ω∈Ωλ

Plugging in the deﬁnition of Ωλ , we arrive at
∑
µ|Eµ | ∼
λδ n−1 #Ωλ .

(5.33)

λ

Now we are going to apply the pigeonhole principle again so that we can analyze just a
single term of (5.33). For the sake of precision, we illustrate exactly how to go about
doing this.
Deﬁne f : [δ 2n , 1/2] → R by f (x) = #Ωλ if x = λ for dyadic λ in the domain and
deﬁne f by linear interpolation for all other x in the domain. Let η denote counting
measure on the set of all λ’s. Then
∫ 1
∑
2
n−1
λδ #Ωλ =
µ|Eµ | ∼
xδ n−1 f (x)dη(x).
δ 2n

λ

Now by the mean value theorem, we know that there exists some x∗ ∈ (δ 2n , 1/2) such
that
∫ 1
2
∗ n−1
∗
µ|Eµ | ∼ x δ f (x )
dη(x)
δ 2n
∗ n−1

∗

∼ x δ f (x ) log(1/δ)
/ x∗ δ n−1 f (x∗ ).
Clearly, there exists some λ such that λ < x∗ ≤ 2λ, so we may write
µ|Eµ | / λδ n−1 f (λ)
= λδ n−1 #Ωλ
for this particular λ. Since we trivially have that
∑
µ|Eµ | ∼
λ′ δ n−1 #Ωλ′ ≥ λδ n−1 #Ωλ ,
λ′

we ﬁnd that, in fact
λδ n−1 #Ωλ ≈ µ|Eµ |

(5.34)

must hold. This procedure may be technical overkill, but it serves as a nice illustration
as to how the mean value theorem can make the classic pigeonhole principle analytically
precise.
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We see that, by (5.34), this particular λ acts as the dominant density of a generic
tube Tω in Eµ . Notice that we have an estimate on this density, namely
λ ' µ|Eµ |

(5.35)

since #Ωλ = O(δ 1−n ). So just as before we have related our multiplicity and our density
quantities, µ and λ, and now we can verify (5.31). The remainder of the argument will
look very similar to our ﬁrst pass through the bush argument.
By (5.34), we have that
∑
µ|Eµ | ≈
|Tω ∩ Eµ |
ω∈Ωλ

∫
=

∑

χTω (x)dx.

Eµ ω∈Ω
λ

So another application of the mean value theorem tells us that there exists at least one
high multiplicity, high density point a ∈ Eµ for which
∑
χTω (a) ' µ.
ω∈Ωλ

In other words, this a is contained in ' µ tubes Tω and each Tω has density λ inside Eµ .
As before, we trim the intersection |Tω ∩ Eµ | by cutting out a ball around a of radius
−1
c0 λ for some suﬃciently large constant c0 . As before, we have
c
n−1
|Tω ∩ Eµ ∩ B(a, c−1
λ.
0 λ) | & δ

If we then c1 λδ -separate our directions ω ∈ Ωλ , we know that all intersections as above are
disjoint for diﬀerent choices of ω, ω ′ ∈ Ωλ . We know that the size of this c1 λδ -separated
subset of Ωλ , call it Ω∗λ , has cardinality ' µλn−1 , and thus we may estimate
∑
c
|Tω ∩ Eµ ∩ B(a, c−1
|Eµ | ≥
0 λ) |
ω∈Ω∗λ

' µλn−1 δ n−1 λ.
Notice that these two inequalities are identical to (5.13) and (5.14). Combining the above
with (5.35) and simplifying, we arrive at (5.31) as desired.
Much of this version of the bush argument was similar or identical to our previous
rendition, but we were able to develop and employ many new techniques that will prove
to be invaluable in the next chapter. Indeed, part of our motivation behind exhibiting
) was to take some of the weight oﬀ the preliminary analysis
a second proof of K( n+1
2
required to establish the K( n+2
), the estimate derived via Wolﬀ’s hairbrush argument.
2
As we will see, there are still many reductions to make before we can actually begin to
construct this hairbrush argument and analyze it as eﬀectively as we have Bourgain’s
bush.
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Chapter 6
The Hairbrush Argument
Wolﬀ proved a restricted weak type estimate as in Section 5.1 in his original paper [31].
His method was meticulous and often diﬃcult to reconcile with much of the intuitive
analysis. Our technical pains of Section 5.2 will be rewarded now by utilizing them, in
conjunction with Tao’s bilinearization technique, to present a simpler, more intuitively
apparent version of Wolﬀ’s “hairbrush” argument. This will give us the improved estimate K( n+2
), aﬀording us an extra 12 dimension for bounding the Hausdorﬀ dimension
2
of Kakeya sets in Rn . This is the best estimate to date for dimensions below nine.
In the bush argument, we quantiﬁed and exploited the geometry between a point and
a line, analyzing essentially how δ-neighborhoods of lines intersect each other outside a
λ-neighborhood of a point. For the hairbrush, as the name suggests, we will quantify and
exploit the geometry between a line and another line, analyzing how δ-neighborhoods of
lines intersect each other outside a λ-neighborhood of some other ﬁxed line, the “stem”
of the hairbrush.
We start with the standard Kakeya maximal operator estimate of interest on the
diagonal,
||fδ∗ ||p . A||f ||p ,
and use Wolﬀ’s duality argument (Lemma 4.1.2) to reduce to an estimate of the form
∑
||
yω χTω ||p′ . A
ω

for ω in any
maximally δ-separted set of directions Ω ⊂ S n−1 and any sequence {yω } such
∑
′
that δ n−1 |yω |p = 1. Using the triangle inequality to reduce to a positive sequence and
normalizing, we apply Tao’s factorization result (Proposition 5.2.1) to further reduce the
estimate to one of the form
∑
||
χTω ||p′ / A,
ω
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where ω ∈ Ω is now just any δ-separated subset of S n−1 (not necessarily maximal) and
where we probably pick up at least one δ −ϵ loss along the way. Substituting our proposed
bound, we ﬁnd that we are aiming to prove an estimate of the form
∑
n
||
χTω ||p′ / δ − p +1
ω∈Ω

where p =

n+2
.
2

Thus, we will prove:

) holds.
Theorem 6.0.1 (Wolﬀ). K( n+2
2
The hairbrush argument is, in many ways, the logical next step from Bourgain’s bush
construction. In fact, Wolﬀ’s original proof is really quite similar in procedure and in
execution to Bourgain’s argument. Since we are following Tao’s treatment, we will see
that our argument is very similar to the bush construction of Section 5.2. It is worth
remembering though that both versions of the bush argument relied on analyzing the
points in our δ-tubes according to their mulitiplicities and their densities; in addition,
both versions quantiﬁed and employed the same geometrical facts. This is the case too
with Wolﬀ’s original hairbrush argument and the one that we present here.
Although the construction of the hairbrush is longer and more complicated than the
construction of the bush, it is essential to keep in mind that our general mode of attack is
still to analyze points in our δ-tubes according to their multiplicities and their densities
(for the hairbrush, there will be two of these for each point) and to exploit certain
geometrical facts that quantify how these objects (our δ-tubes) interact in Rn .

6.1

Preliminary Reductions

We begin with several major reductions that will be critical in simplifying the subsequent
analysis. We want to verify that K( n+2
) holds, so we want to show that
2
||

∑

χTω ||p′ / δ − p +1
n

ω∈Ω

for p = n+2
. We will refrain from plugging this value of p into our estimates until
2
absolutely necessary to stress the locations of the importance (and the unimportance) of
the choice of p.
The bilinear approach leads us to consider the square of our estimate which, after
raising everything to the power p′ /2 looks like
∑∑
′
p′ /2
||
χTω χTω′ ||p′ /2 / δ n−p (n−1) .
ω∈Ω ω ′ ∈Ω
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Notice that p′ /2 < 1, so we cannot be as hasty when applying standard tools like the
triangle inequality. Nevertheless, the extra care needed in this bilinear setting will be
rewarded by the fact that a new variable becomes available for manipulation, namely the
angular separation |ω − ω ′ | between the two directions ω and ω ′ . To take advantage of
this variable, we split the summation at a dyadic scale as
∑∑
ω∈Ω

∑

∑

k=0

ω,ω ′ :|ω−ω ′ |∼2−k

log(1/δ)

=

ω ′ ∈Ω

+

∑

.

ω,ω ′ :ω=ω ′

Now the triangle inequality does not hold for exponents r < 1; however, we can use the
pseudo-triangle inequality
)1/r
( m
m
∑
∑
||
fi ||r ≤
||fi ||rr
.
i=1

i=1

This inequality comes from the fact that (a + b)r ≤ ar + br when r < 1, another consequence of the binomial theorem. Applying this fact to the split summation, we ﬁnd that
we would like to show
∑

log(1/δ)

k=0

||

∑

∑

p′ /2

χTω χTω′ ||p′ /2 + ||

p′ /2

′

χTω χTω′ ||p′ /2 / δ n−p (n−1) .

(6.1)

ω,ω ′ :ω=ω ′

ω,ω ′ :|ω−ω ′ |∼2−k

We can easily absorb the diagonal term into the righthand side of (6.1). Just notice
that
)p′ /2
∫ (∑
∑
′
p /2
||
χTω χTω′ ||p′ /2 =
χTω (x)
dx
ω,ω ′ :ω=ω ′

≤

∑∫
ω
n−1

∼δ
. 1,

ω

χTω

· #Ω

and 1 . δ −ϵ ; thus disregarding the diagonal term incurs at most a δ −ϵ loss. Now the
number of k in (6.1) is log(1/δ) / 1, so to establish (6.1) we only need to show that
∑
′
p′ /2
(6.2)
||
χTω χTω′ ||p′ /2 / δ n−p (n−1)
ω,ω ′ :|ω−ω ′ |∼2−k

holds for each k.
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Fix k. We are going to reduce our set of directions to a dyadic scale. Recall that
1
all ω ∈ Ω lie within 10
of the vertical en . We would like to remove the dependency on
k in (6.2). Since we are proving things for any ﬁxed k, it seems reasonable that there
should be some type of rescaling argument that allows us to prove (6.2) for only, say,
k = 0. Now if we 2−k -separate S n−1 , then this is just like covering S n−1 by ∼ 2(n−1)k
caps, each of diameter ∼ 2−k (as in Fact 5.1.3). Clearly then, we have covered Ω by at
most ∼ 2(n−1)k caps of diameter ∼ 2−k . We can choose these caps in such a way so that
for each ω, ω ′ with |ω − ω ′ | ∼ 2−k , we can ﬁnd a cap C which contains them both. Thus
we may split the sum in (6.2) over these caps and apply the pseudo-triangle inequality
again to reduce to
∑
∑
′
p′ /2
χTω χTω′ ||p′ /2 / δ n−p (n−1) .
||
ω,ω ′ ∈C∩Ω:|ω−ω ′ |∼2−k

C

Since there are ∼ 2(n−1)k caps, we evidently have to prove that
∑
′
p′ /2
||
χTω χTω′ ||p′ /2 / 2−(n−1)k δ n−p (n−1)

(6.3)

ω,ω ′ ∈C∩Ω:|ω−ω ′ |∼2−k

holds for each cap C.
Now we want to show that if we have (6.3) for k = 0, then we have it for all k. The
purpose of introducing the caps and analyzing the sum over an individual cap rather
than the entire set Ω will become clear from the following argument.
Assume that (6.3) holds for k = 0 and then ﬁx a new k > 0. We also assume
that we have rotated the cap C to be centered at en ; this is harmless (i.e. a unitary
transformation) and will simplify the argument. Deﬁne the transformation L : Rn → Rn
by
L(2k x, xn )
and the corresponding stretching operator S by
Sf (x) = f (L−1 x).
Notice that ||Sf ||q = 2

(n−1)k
q

||S(

||f ||q , so (6.3) becomes
∑
′
p′ /2
χTω χTω′ )||p′ /2 / δ n−p (n−1) .

ω,ω ′ ∈C∩Ω:|ω−ω ′ |∼2−k

To get this expression into a more tractable form, we write it as
∑
′
p′ /2
||
χL(Tω ) χL(Tω′ ) ||p′ /2 / δ n−p (n−1) .
ω,ω ′ ∈C∩Ω:|ω−ω ′ |∼2−k
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(6.4)

Notice that the object L(Tω ) is not a δ-tube; indeed, if k is very large than it is very
far from it. Yet we claim that (6.4) holds by hypothesis. To verify this, we will need to
establish another containment lemma with some extra information about the separation
of the transformed directions.
Lemma 6.1.1. Suppose |ω − en | . 2−k . Then there exists a constant C dependent only
on n such that
2k δ
(b)
L(Tω (a)) ⊂ C · TL(ω)
where b = L(a), a ∈ Rn . If in addition, we have ω ′ such that |ω − ω ′ | ∼ 2−k , then we
have |L(ω) − L(ω ′ )| ∼ 1.
Proof. Pick any x ∈ Tω (a). As in the proof of Lemma 4.1.1, we know that x lies on
some unit line segment, call it I, that is parallel to ω and whose midpoint lies within δ
of a in the unique hyperplane that contains a and has normal vector ω. This is to be
absolutely precise, but we can weaken this condition to make things easier. Pick any
point m ∈ B(0, δ) and let Im be the unique unit line segment oriented in the ω direction
with a + m as midpoint. Then notice that the union of all such line segments must
contain the tube Tω (a) (in fact, this union will contain more); i.e.
∪
Im .
(6.5)
Tω (a) ⊂
m∈B(0,δ)

The point of this is that we are going to parameterize an arbitrary point in the tube
Tω (a) according to the line segment Im that it sits upon.
Now x ∈ Tω (a), so by (6.5), there exists some m ∈ B(0, δ) such that we can represent
x as follows:
x = a + m + tx ω,
(6.6)
where |tx | ≤ 21 . Recall that L(x, xn ) = (2k x, xn ). Applying L to the representation (6.6),
we have
L(x) = L(a) + L(m) + tx L(ω).
(6.7)
Since x ∈ Tω (a) is arbitrary, to prove the lemma we have to check that there exists some
constant C such that
|(L(x) − b) · L(ω)| ≤ C
(6.8)
and
|(L(x) − b) · v| ≤ C · 2k δ,
where v ∈ L(ω)⊥ is a unit vector.
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(6.9)

Via the standard projection formula, we see that projen ω = cos |ω − en |; thus,
|proje⊥n ω|2 = |ω|2 − |projen ω|2
= 1 − cos2 |ω − en |
= sin2 |ω − en |
. 2−2k
since |ω − en | . 2−k by hypothesis. Consequently, we have
|L(ω) − en |2 = |(2k ω, ωn − 1)|2
= 22k |proje⊥n ω|2 + |ωn − 1|2
. 1.
We use this estimate to derive a bound on |L(ω)|. Indeed, this follows easily now as
|L(ω)| = |L(ω) − en + en | ≤ |L(ω) − en | + |en | . 1.

(6.10)

We use this calculation along with the observation that since m ∈ B(0, δ), we must have
that |L(m)| . 2k δ to show that (6.8) and (6.9) hold.
Now since L(a) = b, we use (6.7) to bound the dot product in (6.8) as
|(L(m) + tx L(ω)) · L(ω)| ≤ |L(m) + tx L(ω)| · |L(ω)|
. |L(m)| · |L(ω)| + |L(ω)|2
. |L(m)| + 1
. δ2k + 1
. 1.
Thus (6.8) holds. Now for (6.9): pick any unit vector v ∈ L(ω)⊥ and notice that |L(ω) ·
v| = 0 by deﬁnition. Consequently, we have
|(L(m) + tx L(ω)) · v| = |L(m) · v|
≤ |L(m)|
. 2k δ.
This proves the containment part of the lemma. For the separation part, suppose we
have a direction ω ′ such that |ω − ω ′ | ∼ 2−k . Then clearly |L(ω) − L(ω ′ )| = |L(ω − ω ′ )| ≤
2k |ω−ω ′ | ∼ 1. To establish the opposite inequality, we ﬁrst note that since |ω−ω ′ | ∼ 2−k ,
by the pigeonhole principle there must exist some i, 1 ≤ i ≤ n, such that |ωi − ωi′ | & 2−k .
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Suppose there exists some j, 1 ≤ j ≤ n − 1 such that |ωj − ωj′ | & 2−k . Then
|L(ω) − L(ω ′ )| & 2k |ω − ω ′ |
& 2k |ωj − ωj′ |
& 1,
so we are done. If no such j exists, then we have only that |ωn −ωn′ | & 2−k . We claim that
this is not possible. For if |ωn − ωn′ | & 2−k , then this would imply that ω ′ is essentially
the same as en and consequently that there exists some j, 1 ≤ j ≤ n − 1, such that
|ωj − ωj′ | & 2−k .
To see why this is true, notice that |ω − ω ′ | ∼ 2−k and |ω − en | . 2−k by hypothesis,
and this implies that |ω ′ − en | . 2−k by the triangle inequality. So since |ω − ω ′ | ∼ 2−k
we have that
−k
−k
ω ′ ∈ Ce2n ∩ ∂Cω2 ,
(6.11)
where Cab denotes the cap centered at a ∈ S n−1 of radius ∼ b and ∂C denotes the
boundary of the cap C. We are supposing that |ωn − ωn′ | & 2−k , so we also have that
2−k . |ωn − ωn′ |
≤ |ωn − en | + |ωn′ − en |
. 2 · 2−k ,
and thus |ω − en | ∼ 2−k or |ω ′ − en | ∼ 2−k . Without loss of generality, we assume the
−k
−k
former holds. Thus we have ω ∈ ∂Ce2n ∩ ∂Cω2 ′ . Combining this with (6.11) and the fact
that |ωj − ωj′ |  2−k for all 1 ≤ j ≤ n − 1, we see that we must have ω ′ ≈ en .
Up to an adjustment of the implicit constants in the following inequalities, we may
now take ω ′ = en . Thus, |ω|2 = sin2 |ω − ω ′ | ∼ 2−2k and so there must exist some j,
1 ≤ j ≤ n − 1, such that |ωj − ωj′ | ∼ 2−k by the pigeonhole principle.
Using Lemma 6.1.1, we have
∑
p′ /2
||
χL(Tω ) χL(Tω′ ) ||p′ /2 . ||

∑
L(ω),L(ω ′ )∈Cen ∩L(Ω):|L(ω)−L(ω ′ )|∼1

ω,ω ′ ∈C∩Ω:|ω−ω ′ |∼2−k

p′ /2

χT 2k δ χT 2k δ ||p′ /2 ,
L(ω)

L(ω ′ )

where Cen is the cap centered at en . But the righthand side here is of the form treated in
(6.3), which we assumed to hold; here though we have δ replaced by 2k δ, Ω replaced by
′
L(Ω) and k replaced by 0. Thus we can bound the righthand side by . (2k δ)n−p (n−1) =
′
′
′
n
; this veriﬁes (6.4).
2k(n−p (n−1)) δ n−p (n−1) ≤ δ n−p (n−1) since p ≤ n implies p′ ≥ n−1
We have one ﬁnal reduction to make before entering the estimation phase of the
argument. We just proved that it is enough to show that (6.3) holds for k = 0, i.e.
∑
′
p′ /2
(6.12)
||
χTω χTω′ ||p′ /2 / δ n−p (n−1) .
ω,ω ′ ∈Ω:|ω−ω ′ |∼1
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Notice that the condition on the summands appears to be diﬀerent than that in (6.3);
however, since k = 0, any cap C is essentially just Ω, so we may as well take Ω to be our
cap. We want to factor this sum into two so that neither sum depends on the other. To
accomplish this, pick some constant c0 < |Ω| and cover Ω by caps of this radius. If we do
this eﬀeciently, that is, if we c0 -separate the caps with respect to their centers, then we
know by Fact 5.1.3 that the number of such caps is a constant N dependent only on the
ambient dimension of the space n. Now pick any of these caps - call it C1 - and deﬁne
(1)
Ω1 = C1 ∩ Ω. Next, pick any cap - call it C2 - that has center lying outside C1′ , the cap
(1)
(1)
(1)
C1 with rescaled radius 3co . Deﬁne Ω2 = C2 ∩ Ω. Notice that dist(Ω1 , Ω2 ) ∼ 1. Now
we repeat this procedure until we have essentially partitioned Ω (it is only an essential
partition because we may have double-counted some ω ∈ Ω).
The only potential snag in this procedure is that we may reach a point where we
(j)
cannot deﬁne a suitable Ω2 , depending on which caps we chose for our previous pairs.
If this is the case, then clearly there are no more than cn unaccounted caps, cn some
constant depending only on n. But if we chose our c0 small enough initially, then we can
pair these orphan caps oﬀ by altering only cn previous pairings. Thus we can write
N (
)
∪
(j)
(j)
Ω1 ∪ Ω2 ,
Ω=
j=1
(j)

(j)

where dist(Ω1 , Ω2 ) ∼ 1 for all j. Thus we can majorize the lefthand side of (6.12) as
||

∑

p′ /2
χTω χTω′ ||p′ /2

≤ ||

ω,ω ′ ∈Ω:|ω−ω ′ |∼1

N
∑

∑

p′ /2

χTω χTω′ ||p′ /2

j=1 (ω,ω ′ )∈Ω(j) ×Ω(j)
2
1

≤

N
∑
j=1

||

∑
(j)

ω∈Ω1

∑

p′ /2

χTω χTω′ ||p′ /2

(j)

ω ′ ∈Ω2

by the pseudo-triangle inequality. Since N ∼ 1, we see that what we aim to prove is that
(
)(
)
∑
∑
′
p′ /2
||
χTω
χTω′ ||p′ /2 / δ n−p (n−1) ,
(6.13)
ω∈Ω1

ω ′ ∈Ω2

where Ω1 , Ω2 ⊂ Ω are separated by ∼ 1.
This concludes the reductions phase of the hairbrush argument. We have spent a lot
of time and eﬀort trimming the objects down and better quantifying our conditionals so
that the subsequent analysis will be as transparent and technically simple as possible.
One thing to notice is that we still have not plugged in our particular value for p (recall
we are after the estimate K( n+2
)). Indeed, we will continue to refrain from inserting the
2
particular value throughout the estimation phase until absolutely necessary in hope that
its exact role in the argument will be better understood.
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6.2

Estimation

As in the bush argument, we want to analyze the behavior of the sums in (6.13) according
to their multiplicities and densities. Evidently then, we deﬁne the set
∑
∑
Eµ,µ′ = {x :
χTω′ ∼ µ′ }.
χTω (x) ∼ µ,
ω ′ ∈Ω2

ω∈Ω1

Since Ω is δ-separated, we know that #(Ω) . δ 1−n and so the same holds for any subset
of Ω. Consequently, we can let µ, µ′ above range dyadically in the interval [0, O(δ 1−n )].
We can reﬁne this range by rewriting (6.13) as follows:
∫ (∑
ω

χTω (x)

∑

)p′ /2
χTω′ (x)

dx =

ω′

µ

∼

(
∑

∑∑∫
µ′

∑∑
µ

Eµ,µ′

χTω (x)

ω

∑

)p′ /2
χTω′ (x)

dx

ω′

′

(µµ′ )p /2 |Eµ,µ′ |,

µ′

so clearly there is no harm in considering only µ, µ′ in the range [1, O(δ 1−n )]. Furthermore,
since the number of such µ, µ′ is on the order of log(1/δ), we can ignore the sums, incurring
at most a δ −ϵ loss. Thus, we aim to prove
′

′

(µµ′ )p /2 |Eµ,µ′ | / δ n−p (n−1) ,

(6.14)

for all dyadic µ, µ′ between 1 and O(δ 1−n ).
Note that if |Eµ,µ′ | is too small, say / δ n , then (6.14) holds trivially since µ, µ′ . δ 1−n ;
so it suﬃces to take |Eµ,µ′ | ' δ n .
Now we can impose our density structure on the problem, extracting only those tubes
with a certain density of appropriate multiplicity points, i.e. points in Eµ,µ′ . Speciﬁcally,
ﬁx µ, µ′ and deﬁne
Ωλ1 = {ω ∈ Ω1 : |Tω ∩ Eµ,µ′ | ∼ λ|Tω |},
′

Ωλ2 = {ω ′ ∈ Ω2 : |Tω′ ∩ Eµ,µ′ | ∼ λ′ |Tω′ |}.
Notice that if λ is near 0, then the set Ωλ1 identiﬁes precisely those tubes that have a
correspondingly small proportion of µ-multiplicity points. The same holds for λ′ and the
second set. These sets allow us to keep track of the multiplicity points by quantifying
how dense these points are in any given tube.
To handle (6.14), we will estimate in two phases, each time translating the quantities into density statements. The ﬁrst estimate is easy and will handle a factor of
(µµ′ )1/2 |Eµ,µ′ |; notice that this factor does not depend on p. The second estimate will
require us to construct Wolﬀ’s hairbrush object which will be utitlized to bound the
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p′ −1

remaining factor, (µµ′ ) 2 . It is this second estimate that will force us to chose the
appropriate value for p and this choice will be forced upon us as a direct result of the
geometrical lemma we will use. Again, it is a simple geometric fact that makes and
breaks the entire argument.
The ﬁrst real order of business is to reduce matters to when λ, λ′ are both suﬃciently
large, the high density case. The following lemma will allow us to ignore the three
alternatives.
Lemma 6.2.1. There exist dyadic λ, λ′ ∈ [δ Cn , 1] such that
∫
∑ ∑
χTω χTω′ ' µµ′ |Eµ,µ′ |,
Eµ,µ′

where C =

ω∈Ωλ
1

(6.15)

′
ω ′ ∈Ωλ
2

3n−1
.
n

It should be stressed that this lemma will be the crucial ﬁrst step in deriving both
estimates described above. Naturally, the proof is a rather tedious pigeonholing argument
and can be skipped if self-evident to the reader.
Proof. By deﬁnition of Eµ,µ′ we have
∫
∑ ∑

χTω χTω′ ∼ µµ′ |Eµ,µ′ |.

Eµ,µ′ ω∈Ω ω ′ ∈Ω
1
2
′

We split the sums over the subsets Ωλ1 , Ωλ2 and sum over all dyadic densities, taking care
to separate the high and low density terms. Up to a constant, the above integral becomes


∫
∑ ∑
∑ ∑
∑ ∑
∑ ∑
∑ ∑


χTω χTω′ .
+
+
+
λ≥δ Cn λ′ ≥δ Cn

λ<δ Cn λ′ ≥δ Cn

λ≥δ Cn λ′ <δ Cn

λ<δ Cn λ′ <δ Cn

Eµ,µ′

λ′
′
ω∈Ωλ
1 ω ∈Ω2

To prove the lemma, it suﬃces to show that the last three terms above are each bounded
1
by say 10
µµ′ |Eµ,µ′ |. We can then absorb these terms into the righthand side of (6.15).
The remaining term will be a sum over λ, λ′ < δ Cn . The number of such λ, λ′ is / 1, so
by a now familiar application of the pigeonhole principle (or mean value theorem), we
can conclude that λ, λ′ exist so that (6.15) holds.
′
Consider the ﬁrst of the three terms from above. Since #(Ωλ1 ), #(Ωλ2 ) . δ 1−n and
∫
χTω χTω′ ≤ |Tω ∩ Eµ,µ′ | ∼ λδ n−1
Eµ,µ′
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for any ω ∈ Ωλ1 , we see that this term is bounded by
∑ ∑
λδ 1−n .
λ<δ Cn λ′ ≥δ Cn

Now λ′ ∈ [δ Cn , 1] ranges dyadically, so the number of λ′ is . log(1/δ). We can now
bound the previous by
δ

1−n

log(1/δ)

∑

λ∼δ

1−n

log(1/δ)

λ<δ Cn

∞
∑

2−j

j=log(1/δ Cn )

. δ 1−n log(1/δ)δ Cn .
1
By our choice of C, this quantity is no more than δ 2n log(1/δ) / 10
µµ′ |Eµ,µ′ | since we
n
already know that |Eµ,µ′ | ' δ . This takes care of the ﬁrst of the three terms and the
second is dealt with in the same way by the symmetry of the above argument.
For the ﬁnal term, it is clear that we can bound it by
∑ ∑
δ 1−n
min(λ, λ′ )
λ<δ Cn λ′ <δ Cn

using the same reasoning as before. We rewrite this sum as
δ

∞
∑

1−n

∞
∑

′

min(2−j , 2−j ).

j=log(1/δ Cn ) j ′ =log(1/δ Cn )
′

Now for any ﬁxed j, we see that min(2−j , 2−j ) ≤ 2−j for the ﬁrst j − log(1/δ Cn ) terms
′
′
of the sum over j ′ ; for the remaining values of j ′ , we simply have min(2−j , 2−j ) = 2−j .
Thus, the inner sum over j ′ can be dominated by
∞
∑

′

2−j + (j − log(1/δ Cn ))2−j . 2−j + j2−j . j2−j .

j ′ =j

Consequently, after a shift of the index, the entire expression is bounded by
δ

1−n Cn

δ

∞
∑

(j + log(1/δ Cn ))2−j . δ 1−n δ Cn log(1/δ),

j=0

which again gives the desired bound by our choice of C and condition on the size of
Eµ,µ′ .
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With these particular λ, λ′ ﬁxed, we proceed to the estimation. As described above,
this will consist of two phases where we estimate separate factors of (6.14) in terms of
the densities λ, λ′ . The ﬁrst estimate is an almost immediate consequence of the previous
lemma.
By construction, we have that
∑
χTω′ (x) . µ′
′

ω ′ ∈Ωλ
2

whenever x ∈ Eµ,µ′ . Thus by equation (6.15) of Lemma 6.2.1, we have
∫
∑
χTω ∼ λδ n−1 #(Ωλ1 ).
µ|Eµ,µ′ | /
Eµ,µ′

ω∈Ωλ
1

Since #(Ωλ1 ) . δ 1−n , it follows that µ|Eµ,µ′ | / λ. Similarly, we have µ′ |Eµ,µ′ | / λ′ .
Plugging these estimates into (6.14), we see that we now want to show
(µµ′ )

p′ −1
2

′

(λλ′ ) 2 / δ n−p (n−1) .
1

(6.16)

To deal with this second factor, we will need to construct the hairbrush object and
convert it into a quantitative upper bound for the product of the multiplicities, µµ′ . We
construct this object as follows.
By a simple shuﬄing of equation (6.15), we have that
∑
∑ ∫
χTω ' µµ′ |Eµ,µ′ |.
′

ω ′ ∈Ωλ
2

Tω′

ω∈Ωλ
1

′

Since #(Ωλ2 ) . δ 1−n , there must exist some ω ′ such that
∫
∑
χTω ' δ n−1 µµ′ |Eµ,µ′ |.
Tω′

ω∈Ωλ
1

Fix this ω ′ and rewrite the above as
∑
|Tω ∩ Tω′ | ' δ n−1 µµ′ |Eµ,µ′ |.
ω∈Ωλ
1

Recall that our preliminary reductions assured us that taking |ω −ω ′ | ∼ 1 is suﬃcient.
So now we may use Córdoba’s estimate on the size of the intersection of our tubes
(Lemma 4.1.1) to assert that |Tω ∩Tω′ | . δ n . Plugging this into the above and simplifying,
we have
(6.17)
#{ω ∈ Ωλ1 : Tω ∩ Tω′ ̸= ∅} ' δ −1 µµ′ |Eµ,µ′ |.
83

This completes the construction of the hairbrush. We think of the ﬁxed tube Tω′
as the stem of this brush and imagine that each Tω is a bristle extending out from this
stem. These bristles are nicely separated from the stem (we can think that none of the
bristles are too matted down) by the angular separation condition on ω and ω ′ . Each of
these bristles contains a high proportion, λ, of multiplicity points (points in Eµ,µ′ ) and the
above estimate assures us that there are many such bristles - at least δ −1 µµ′ |Eµ,µ′ | in fact.
En route to equation (6.16), we would like to convert the lefthand side of (6.17) into one
involving |Eµ,µ′ | and appropriate powers of λ and δ. This procedure, as well as the form
of (6.17), should seem very familiar. Clearly, we need to make some kind of combinatorial
(and geometric) argument to count the number of tubes Tω with orientations in Ωλ1 that
intersect the stem of our hairbrush. Once we have accomplished this, our analysis should
be essentially complete.
Let T denote the collection of tubes {Tω : ω ∈ Ωλ1 , Tω ∩ Tω′ ̸= ∅}; thus
#(T) ' δ −1 µµ′ |Eµ,µ′ |.
By deﬁnition, for each Tω ∈ T, we have
∫
χTω ∼ λδ n−1 .
Eµ,µ′

As before, it will be convenient to cut out a small portion of the integral. In natural
analogy with the bush argument, we remove a cylindrical neighborhood of the stem tube
Tω′ to utilize the near disjointness of the remaining portions of the bristle tubes.
To make this precise, deﬁne Γ = {x : dist(x, Tω′ ) > C −1 λ} for some suﬃciently large
constant C. Now Γc is a cylindrical neighborhood of Tω′ and we can imagine covering
this neighborhood by an essentially disjoint collection of δ-tubes all parallel to Tω′ . A
λ
such tubes.
moment’s thought reveals that there are at most . Cδ
Consider the portion of the above integral contained in this neighborhood of Tω′ .
Applying the Córdoba estimate to the intersection of each tube in the cover with Tω , we
see that
∫
λ n 1 n−1
δ < λδ
χTω ∩Γc .
Cδ
2
Eµ,µ′
for C chosen suﬃciently large. Thus we have
∫
χTω ∩Γ & λδ n−1
Eµ,µ′

and summing this estimate over all Tω ∈ T, we arrive at
∫
∑
χTω ∩Γ & λδ n−1 #(T).
Eµ,µ′ T ∈T
ω
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To further exploit the geometry of the situation, we need to analyze the intersection
properties of a pair of tubes in T; thus we apply Cauchy-Schwarz above and rewrite the
estimate as
∑
||
χTω ∩Γ ||2 & λδ n−1 #(T)|Eµ,µ′ |−1/2 .
(6.18)
Tω ∈T

We will show that
||

∑

χTω ∩Γ ||2 / (#(T)λ2−n δ n−1 )1/2

(6.19)

Tω ∈T

and so attain an upper bound for #(T) after an obvious simpliﬁcation. Casting a mindful
eye back to equation (6.17), we see that an upper bound on #(T) will give us an estimate
in terms of all the quantities that we can control.
Square the estimate in (6.19) and apply Fubini:
∑ ∑
|Tω1 ∩ Tω2 ∩ Γ| / #(T)λ2−n δ n−1 .
Tω1 ∈T Tω2 ∈T

Clearly it suﬃces to show that
∑

|Tω1 ∩ Tω2 ∩ Γ| / λ2−n δ n−1

Tω2 ∈T:Tω1 ∩Tω2 ∩Γ̸=∅

for all Tω1 ∈ T.
Fix Tω1 and split the sum over the angle of separation between ω1 and ω2 ; thus the
above estimate becomes
∑

∑

k=0

Tω2 ∈T:θ(ω1 ,ω2 )∼2−k , Tω1 ∩Tω2 ∩Γ̸=∅

log(1/δ)

|Tω1 ∩ Tω2 ∩ Γ| / λ2−n δ n−1 .

Notice that we do not need to consider the term where ω1 = ω2 since in this case
|Tω1 ∩ Tω2 ∩ Γ| ∼ δ n−1 ≤ λ2−n δ n−1 trivially. Now clearly the number of k is ≈ 1, so we
may show the estimate for each k individually.
Fix k so that θ(ω1 , ω2 ) ∼ 2−k . We use Córdoba’s estimate once again to bound the
intersection of Tω1 and Tω2 by 2k δ n . Thus this same quantity bounds |Tω1 ∩ Tω2 ∩ Γ| and
so after a rearrangement of the previous inequality, we reduce to showing that
#{Tω2 ∈ T : θ(ω1 , ω2 ) ∼ 2−k , Tω1 ∩ Tω2 ∩ Γ ̸= ∅} . 2−k δ −1 λ2−n .

(6.20)

This estimate will follow from our critical geometric lemma, the proof of which we defer
to the next section.
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Lemma 6.2.2 (Wolﬀ). Fix a tube Tω′ . Suppose Tω1 and Tω2 are two other tubes that
both intersect the stem Tω′ at an angle ∼ 1. Suppose also that θ(ω1 , ω2 ) ∼ 2−k for some
0 ≤ k ≤ log(1/δ) and that Tω1 ∩ Tω2 ∩ Γ ̸= ∅. Consider the unique 2-plane π generated by
the directions ω ′ and ω1 and translate this plane in Rn so that it contains the principal
axis of Tω′ . Let π ∗ denote the O(δ/λ) neighborhood of this translate of π. Then Tω2 ⊂ π ∗ .
Taking this lemma for granted for the moment, we return to verifying equation (6.20).
It is clear that the set on the lefthand side can be thought of as a set of directions
in S n−1 obeying the given criteria. Since θ(ω1 , ω2 ) ∼ 2−k , we immediately have that
θ(ω1 , projπ (ω2 )) . 2−k . Now π ⊥ is an (n − 2)-dimensional subspace, the span of n − 2
linearly independent vectors in Rn ; denote these vectors by v1 , . . . , vn−2 . Under the
hypotheses of the lemma, we have
δ
proj vi (ω2 ) .
||vi ||
λ
for all 1 ≤ i ≤ n − 2. Thus the set of all directions in (6.20) is contained in a cap of
volume . 2−k ( λδ )n−2 . The valid directions in (6.20) are automatically δ-separated, so
we may δ-separate the cap to ﬁnd that the number of such directions cannot exceed
. 2−k δ −1 λ2−n . Thus we have (6.20).
Now we retrace our steps and put the pieces together. Estimate (6.20) gives an upper
bound on (6.18):
λδ n−1 #(T)|Eµ,µ′ |−1/2 / (#(T)λ2−n δ n−1 )1/2 .
Simplifying this expression and solving for #(T), we ﬁnd that
#(T) / λ−n δ 1−n |Eµ,µ′ |.
Combining this with (6.17), we arrive at the bound
µµ′ / λ−n δ 2−n .
By the symmetry of the argument, we also have that
µµ′ / (λ′ )−n δ 2−n .
Taking the geometric mean of these two estimates, we deduce that
µµ′ / (λλ′ )− 2 δ 2−n .
n

Recall that we were ultimately after the estimate in (6.16). Here, we are ﬁnally forced
. Applying the above estimate then, (6.16) becomes
to ﬁx the value of p; we set p = n+2
2
(µµ′ ) n (λλ′ ) 2 / δ
1

1

2−n
n

′

= δ n−p (n−1) .

Notice that the power of δ is completely determined by the power of the geometric lemma
above - nowhere else in the estimation do we accrue anymore than a δ −ϵ loss. This should
decisively reaﬃrm the verity that a Kakeya estimate is only as tight as its corresponding
geometrical fact.
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6.3

The Geometrical Lemma

At its core, this geometrical fact tells us - quantitatively - that if we have two bristles that
our close together, then we can contain one in a thickening of the plane generated by the
principal axes of the other bristle and the stem itself. This seems intuitive enough, but
as with any analysis of the Kakeya problem, we must reinforce our intuition on a ﬁrm
analytical foundation, else risk oversimplifying the problem’s more precarious delicacies.
Lemma 6.3.1 (Wolﬀ). Fix ω ′ ∈ Ωλ2 and ω1 ∈ Ωλ1 such that Tω′ ∩ Tω1 ̸= ∅; notice that
by definition, θ(ω ′ , ω1 ) ∼ 1. Pick an ω2 ∈ Ωλ1 such that θ(ω1 , ω2 ) ∼ φ for δ ≤ φ . 1,
Tω′ ∩ Tω2 ̸= ∅ and Tω1 ∩ Tω2 ∩ Γ ̸= ∅ where Γ is the complement of a C −1 λ-neighborhood
of the stem tube Tω′ . Let π be the 2-plane determined by the directions ω ′ and ω1 and
translate this plane in Rn so that it contains the principal axis of Tω′ . Let π ∗ denote the
O(δ/λ) neighborhood of this translate of π. Then Tω2 ⊂ π ∗ .
Proof. We begin stretching the tubes Tω′ and Tω1 so that the directions corresponding
to the new orientations are orthogonal. This stretch is harmless since these tubes were
already separated by ∼ 1 and even though these objects are no longer tubes exactly,
they still contain and are contained in an innocuous rescaling of the original tubes, as
in Lemma 6.1.1 with k = 0. Notice that the same holds for Tω2 and that this tube is
now almost orthogonal to the stem Tω′ while we still have that θ(ω1 , ω2 ) ∼ φ. Next, we
reduce to the case where Tω′ and Tω1 are both centered at the origin, as in the proof of
Córdoba’s geometrical fact, Lemma 4.1.1. Now we rotate the system so that ω ′ ∥ en−1
and ω1 ∥ en . Notice that π(en−1 , en ) ⊆ πδ (ω ′ , ω1 ) where πδ (ω ′ , ω1 ) is a ∼ δ-neighborhood
of the 2-plane π(ω ′ , ω1 ). So we see that if we can contain Tω2 in a ∼ δ/λ-thickening of
π(en−1 , en ), then we can contain Tω2 in a ∼ 2δ/λ-thickening of π(ω ′ , ω1 ). It thus suﬃces
to work with the 2-plane π(en−1 , en ).
Let x ∈ Tω2 ∩ Γ and write the components of x in spherical coordinates so that
x1 = r sin(ϕn−1 ) · · · sin(ϕ2 ) sin(ϕ1 )
x2 = r sin(ϕn−1 ) · · · sin(ϕ2 ) cos(ϕ1 )
···
xn−1 = r sin(ϕn−1 ) cos(ϕn−2 )
xn = r cos(ϕn−1 )
where ϕ1 ∈ [0, 2π), ϕj ∈ [0, π) for all 2 ≤ j ≤ n − 1. We want to synthesize our conditions
on Tω2 with this parametrization. Notice that for any point x ∈ Tω2 ∩ Γ we have ϕn−1 ∼
θ(ω2 , en ) ∼ φ. Consequently, we see that sin(ϕn−1 ) ∼ sin(φ) and cos(ϕn−1 ) ∼ cos(φ).
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Now Tω1 and Tω2 intersect in Γ so there must exist some h & λ and some a1 , . . . , an−1 ∈
Bn−1 (0, Cδ) (the Cδ-ball centered at the origin in Rn−1 ) such that
(a1 , . . . , an−1 , h) ∈ Tω1 ∩ Tω2 ∩ Γ.
Consider the line segment
(a1 , . . . , an−1 , h) + t(sin(φ) sin(ϕn−2 ) · · · sin(ϕ1 ), . . . , cos(φ))
for −1 . t . 1. Then any line segment of Tω2 parallel to its principal axis is contained in
a ∼ 2δ-tube with principal axis given by the above line segment. Now the place where Tω2
intersects the stem tube Tω′ is near the point where the above line segment has xn = 0
(more precisely, this intersection happens within . δ of xn = 0). The point xn = 0
corresponds to
h
t=
.
− cos(φ)
To ensure that Tω2 and the stem Tω′ do indeed intersect here, we should require that
|x1 |, . . . , |xn−2 | . δ. Consider the ﬁrst inequality, |x1 | . δ. Since |a1 | . δ, we require
that |t sin(φ) · · · sin(ϕ1 )| . δ. Plugging in our requisite value of t, we ﬁnd that we must
have
h
· sin(φ) · · · sin(ϕ1 )| . δ.
|
cos(φ)
Now −1 . t . 1, so if we can ensure that |x1 | .
Indeed, if |t| ∼ 1, then

δ
λ

at |t| ∼ 1, then we are done.

|x1 | ∼ |a1 + sin(φ) · · · sin(ϕ1 )| . δ + | sin(φ) · · · sin(ϕ1 )|.
By the previous inequality, we see that this is bounded by
.δ+

δ
δ
cos(φ) .
h
λ

since h & λ and λ ≤ 1. The same argument shows that |x2 |, . . . , |xn−2 | . λδ .
So our line segment lies within a δ/λ-neighborhood of the plane π(en−1 , en ) and since
our tube Tω2 was contained in a ∼ 2δ-tube with this line segment as its principal axis,
we see that Tω2 is contained in a ∼ 2δ/λ-neighborhood of the same plane. This verﬁes
the lemma.
This completes our presentation of Wolﬀ’s hairbrush argument. We leave this chapter
with the knowledge that K( n+2
) holds and so that Kakeya sets in Rn must have Hausdorﬀ
2
dimension at least n+2
. To date, this is still the best bound for all dimensions less than
2
) holds; this
9. There is an argument by Katz and Tao [21] that shows that K( 4n+3
7
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improves the maximal function estimate - and so the Hausdorﬀ bound - in higher than
9 dimensions. In fact, using more general combinatorial techniques than what we have
described here, they have managed to improve
√ the estimate on the Hausdorﬀ bound
beyond the maximal function bound to (2 − 2)(n − 4) + 3, an upgrade over Wolﬀ’s
estimate in higher than 5 dimensions. As playing around with diﬀerent values of n in
these bounds shows though, there is still much work to be done. It is likely that a
full resolution of the Kakeya problem will require powerful, or perhaps just extremely
perceptive, new combinatorial and geometric techniques.
The ﬁnal chapter will attempt to explore some cousin problems of Kakeya. We will
discuss circular and higher dimensional analogues of the classic Kakeya problem, as well
as the ﬁnite ﬁeld equivalent - in this setting, we will prove the optimal result, due to Dvir
[13]. The ﬁnal section will endeavor to frame Kakeya in the tapestry of many famous
and currently intractable problems in harmonic analysis.
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Chapter 7
Variants of the Classical Problem
In this chapter we explore some diﬀerent Kakeya-type problems. These variants address
similar issues of dimensionality of certain sparse sets arising from geometrically rich
conditions. We shall see that in some of these settings the problem is much simpler to
deal with, but there is still much left that is unknown.

7.1

Circular Kakeya Sets

Although it is suspected that these sets were studied to some extent previously, the 1999
paper by Kolasa and Wolﬀ [23] seems to be the initial systematic and concrete study of
what can be considered the circular Kakeya problem. All of the material of the following
section and much more is contained in their cited paper. The objective here is the same
as before: to obtain certain Lp estimates on a properly deﬁned maximal operator and
so deduce a bound on the Hausdorﬀ dimension of circular Kakeya sets in Rn , which we
deﬁne now.
Definition 7.1.1. A Borel set A ⊂ Rn is a circular Kakeya set if it contains a sphere
of every radius.
The simultaneous publications of Besicovitch and Rado [5] and Kinney [18] exhibited
closed circular Kakeya sets in R2 with Lebesgue measure zero. The construction of
Besicovitch and Rado also works in Rn for n ≥ 3 as observed by Kolasa and Wolﬀ
(again, see their paper for details), and gives us a closed circular Kakeya set in Rn with
Lebesgue measure zero for any n ≥ 3.
As with the classical problem, we can ask whether circular Kakeya sets must have
full Hausdorﬀ dimension. In the context of what has been studied in this essay so far,
it is quite surprising that this question can be easily answered in the aﬃrmitive for all
dimensions n ≥ 3, but that in R2 , the question remains open. We have the two main
theorems of Kolasa and Wolﬀ.
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Theorem 7.1.2. In Rn , n ≥ 3, circular Kakeya sets have full Hausdorff dimension n.
Theorem 7.1.3. In R2 , circular Kakeya sets have Hausdorff dimension at least

11
.
6

We will prove Theorem 7.1.2 in detail below and the proof will bear a striking resemblance to the proof of Córdoba’s L2 estimate for the classical Kakeya problem. Once
our deﬁnitions are properly made and our geometrical lemma established, the technical
argument will read identically.
Theorem 7.1.3 is more involved and we once again refer the reader to [23] for a proper
treatment. It is ironic perhaps that in the setting of circular Kakeya sets, we have an
optimal result for the exact range of n that we do not have an optimal result for in the
classic problem, and vice-versa. [Why is this? What is behind this? Speculate or say
nothing? I haven’t been able to think of a reasonable way to suggest why this should be
the case.]
We deﬁne a natural maximal operator for our new problem as follows: ﬁx 0 < δ ≪ 1
and for x ∈ Rn , r ∈ [ 12 , 2], deﬁne
C(a, r) = {x ∈ Rn : |x − a| = r}
Cδ (a, r) = {x ∈ Rn : r − δ < |x − a| < r + δ}.
Evidently then, Cδ (a, r) is the δ-neighborhood of the sphere C(a, r) centered at a with
radius r.
Definition 7.1.4. For f ∈ L1loc (Rn ), define the maximal function Mδ f : [ 12 , 2] → R by
∫
1
|f (y)|dy,
(7.1)
Mδ f (r) = sup
a∈Rn |Cδ (a, r)| Cδ (a,r)
where |E| denotes the n-dimensional Lebesgue measure on the set E.
As before, we would like to prove Lp → Lq estimates on the norm of this maximal
operator and so obtain bounds on the Hausdorﬀ dimension of circular Kakeya sets in Rn .
We have a predictible proposition that allows us to do precisely this.
Proposition 7.1.5. Let A be a circular Kakeya set in Rn . Suppose we have an estimate
of the form
∀ ϵ > 0 ∃ Cϵ : ||Mδ f ||Lq ([ 1 ,2]) ≤ Cϵ δ −α−ϵ ||f ||Lp (Rn ) ,
(7.2)
2

for some α ≥ 0, p, q < ∞. Then dimH (A) ≥ n − pα.
The proof of this proposition is nearly identical to the proof of Proposition 2.3.1 once
we know that it is suﬃcient to prove a bound on the function Mδ f when it is only deﬁned
over the interval [ 12 , 2], rather than on the function Mδ′ f deﬁned in the analogous way,
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only over the interval (0, ∞). After all, we are ultimately after Hausdorﬀ bounds on
sets that contain a sphere of every radius, so we need to make sure it is suﬃcient to
just consider spheres with radii in the interval [ 12 , 2]. We refer the reader to Kolasa and
Wolﬀ’s paper, Theorem 1′′ , for more discussion on how to proceed. We remark that
Proposition 7.1.5 can be strengthened to assert that if A is a Borel set of Rn containing
a positive (n − 1)-dimensional Lebesgue measure subset of a sphere of radius r for some
positive 1-dimensional Lebesgue measure set of r, then dimH (A) ≥ n − pα if (7.2) holds.
In any case, taking the particulars of the proof of Proposition 7.1.5 for granted, we
can now deduce Theorem 7.1.2 from the following stronger maximal function result.
Theorem 7.1.6. If n ≥ 3, then
√
||Mδ f ||L2 ([ 1 ,2]) .
2

1
log ||f ||L2 (Rn ) .
δ

Just as with any Kakeya estimate, we will need to take advantage of a key geometrical fact. The following will look very similar to Córdoba’s estimate on the size of the
intersection of two tubes in Rn and indeed, we will use this fact in exactly the same way
as we used Córdoba’s.
Lemma 7.1.7. Let r, s ∈ [ 12 , 2], a, b ∈ Rn . If n = 2, then
|Cδ (a, r) ∩ Cδ (b, s)| .

δ 3/2
,
(|r − s| + δ)1/2

(7.3)

δ2
.
|r − s| + δ

(7.4)

and if n ≥ 3, then
|Cδ (a, r) ∩ Cδ (b, s)| .

Proof. We start with (7.3). Clearly we may assume the intersection is nonempty, else
there is nothing to show. Now
|Cδ (a, r) ∩ Cδ (b, s)| ≤ |Cδ (a, r)| ∼ δ.
Also, we trivially have |r − s| + δ . δ if |r − s| . δ, so
|Cδ (a, r) ∩ Cδ (b, s)| .

δ 3/2
δ 3/2
.
,
δ 1/2
(|r − s| + δ)1/2

as desired. Now if |r − s| & δ, then we are in one of two cases: either the circular regions
are essentially tangent or they are essentially transverse. More precisely, the intersection
must be either connected or disconnected in two identical pieces as in the ﬁgure below.
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essentially transverse

essentially tangent

Figure 7.1: Examples of two essentially transverse and two essentially tangent δ-thickened
circles.
Let x1 and x2 be the points in the plane where the two circles C(a, r) and C(b, s) intersect
(with the understanding that x1 = x2 if the circles are exactly tangent).
If |x1 − x2 | ≥ 10δ, then we are in the transverse case, meaning each piece of the
intersection can be contained in a ∼ δ-square. Clearly the intersection consists of two
similar pieces and the larger the distance |x1 − x2 |, the more exactly like δ-squares these
pieces become. If we are in the extreme case where |x1 − x2 | = 10δ, then we still have
that each piece of the intersection must have diameter . 5δ to ensure that the pieces are
indeed separate. Consequently, we have
|Cδ (a, r) ∩ Cδ (b, s)| . δ < δ
2

3/2

δ 3/2
.
,
(|r − s| + δ)1/2

(7.5)

since |r − s| + δ ≤ 2 always.
If instead |x1 − x2 | ≤ 10δ, then the two δ-thickened circles are essentially tangent.
To make the analysis clear, we are going to contain the intersection Cδ (a, r) ∩ Cδ (b, s)
in a larger intersection of circular neighborhoods corresponding to new circles that are
exactly tangent.
By applying a translation, we can always make one of our circles centered at the origin;
we will take b = 0. Also, we may assume that s ≤ r. Now let m denote the midpoint on
the line segment connecting x1 and x2 , so that |0 − m| = s − λ1 , |a − m| = r − λ2 , where
λ1 , λ2 are (presumably) small; see Figure 7.2 on the following page. Clearly, we have the
following containments:
Cδ (a, r) ⊂ Cδ+λ2 (a, r − λ2 ), and Cδ (0, s) ⊂ Cδ+λ1 (0, s − λ1 ).

(7.6)

We would like to assert that, in fact, we have λ1 , λ2 . δ. To verify this, consider the
region in the plane between the circles C(a, r) and C(0, s). What we see then is that this
region is precisely the disjoint union of two circular segments, one corresponding to the
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sector of the circle C(a, r) between x1 and x2 , and the other corresponding to the sector
of the circle C(0, s) between x1 and x2 . [ﬁg] Let θr , θs denote the deﬁning angles of these
respective circular sectors. Clearly then, we have that the “width” of this region should
be the sum of the heights of these circular segments, i.e.
λ1 + λ2 = s(1 − cos

θs
θr
) + r(1 − cos )
2
2

(7.7)

using a well known formula from basic plane geometry. Examining the ﬁgure on the next
page, we see that
√
(
)2
θs
|x − y|
2
cos = s −
÷s
2
2
√
& 1 − δ2
√
= (1 − δ)(1 + δ)
≥ 1 − δ.
The same calculation for cos θ2r shows then that we can bound (7.7) by . δ; therefore,
λ1 , λ2 . δ and (7.6) becomes
Cδ (a, r) ⊂ CCδ (a, r′ ), and Cδ (0, s) ⊂ CCδ (0, s′ ),
for some constant C. Notice that we still have |r′ − s′ | & δ. So to understand the
essentially tangential case, it suﬃces to analyze the case where our circles are exactly
tangent.
Working within this new framework, we see that the intersection of our new circular
neighborhoods is automatically a nice, single connected set. Now the width of this set
in the direction of the normal to the circles must be . Cδ. So if we can estimate the
diameter of this set in the perpendicular direction, then we should have a good estimate
on the size of the intersection. Clearly, this diameter will join the points of intersection
of the circles C(a, r′ + Cδ) and C(0, s′ + Cδ). We can estimate the length of this line
segment then by the arc length of the corresponding circular sector. The estimate is
independent of the choice of circle, so we opt to work with C(0, s′ + Cδ).
Let l denote the arc length deﬁned above and let θ denote the angle of the corresponding circular sector in C(0, s′ + Cδ). Utilizing basic trigonometry again, we ﬁnd
s′
that cos 2θ = s′ +Cδ
since our deﬁning circles are exactly tangent. Thus,
√
θ ∼ 1 − cos θ ∼
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√

Cδ
.
s′ + Cδ

a
θr
x1
r
λ1 λ2

θs
2

x2
s

(0, 0)

Figure 7.2: Close-up of the region in the plane between two essentially tangent circles.
Notice that the “height” of this region is |x1 − x2 | while the “width” is λ1 + λ2 , the sum
of the heights of the circular segments defined by θs and θr .
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Applying the well known formula for arc length, we arrive at the estimate
l = θ(s′ + Cδ)
√
∼ Cδ(s′ + Cδ)
√
. δ.
So we have the estimate |Cδ (a, r) ∩ Cδ (0, s)| . δ 3/2 , which suﬃces as in (7.5).
For the second inequality (7.4), we can directly apply our work for (7.3). If |r −s| . δ,
then the exact reasoning will work as before. If |r − s| & δ, then again we consider the
transverse and tangential cases separately. For the former, we apply the same reasoning
to ﬁnd that the intersection can be contained in a ∼ (δ × δ × 1 × · · · × 1)-box and so
the estimate follows immediately. If the spheres are nearly tangent, then they essentially
share a normal vector and we can execute the same containment trick as before in order
to simplify to the case when the spheres are exactly tangent. As before, in this normal
direction the intersection has length at most 2δ. In any orthogonal direction, we see that
the intersection
has length ∼ l where l is deﬁned as before. Thus we pick up an extra
√
factor of δ in each of these (n − 1)-orthogonal directions and we have
|Cδ (a, r) ∩ Cδ (b, s)| . δ

n+1
2

≤ δ2

for all n ≥ 3. (7.4) follows.
We can now prove the main result of this section.
Proof of Theorem 7.1.6. We begin by discretizing our domain. If |r − s| < δ, then there
exists some x ∈ Rn such that
∫
2
f (y)dy
Mδ f (s) ≤
|Cδ (x, s)| Cδ (x,s)
∫
1
.
f (y)dy
|C2δ (x, r)| C2δ (x,r)
≤ M2δ f (r),
since Cδ (x, s) ⊂ C2δ (x, r). For every nonnegative integer j ≤
∫
||Mδ f ||2L2 ([ 1 ,2])
2

3
,
2δ

2

Mδ f (r)2 dr

=
1
2

2δ ∫
∑
3

≤

j=0

1
+(j+1)δ
2
1
+jδ
2
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Mδ f (r)2 dr

let rj =

1
2

+ jδ. Then

∫

3

.

2δ
∑

1
+(j+1)δ
2

2

Mδ f (rj )

dr
1
+jδ
2

j=0
3

=

2δ
∑

δMδ f (rj )2 ;

j=0

thus, it suﬃces to show the estimate
 3
1/2 √
2δ
∑
1

δMδ f (rj )2  . log ||f ||L2 (Rn ) .
δ
j=0
Now we apply duality: write
(
)1/2
∑
∑
δMδ f (rj )2
=
δyj Mδ f (rj )
j

j

.

∑
j

δyj
|Cδ (xj , rj )|

∫
f (y)dy
Cδ (xj ,rj )

for an appropriate choice of points xj ∈ Rn and sequence {yj } with
bj =

∑
j

δ|yj |2 = 1. Deﬁne

δyj
|Cδ (xj , rj )|

and notice that bj ∼ yj since |Cδ (xj , rj )| ∼ δ. Applying Cauchy-Schwarz, we see that we
have
(
)1/2
∑
∑
δMδ f (rj )2
. ||
bj χCδ (xj ,rj ) ||2 · ||f ||2 ;
j

j

therefore, it suﬃces to show that
∑
1
||
bj χCδ (xj ,rj ) ||22 . log .
δ
j
For notational convenience, let Cj = Cδ (xj , rj ). Now
∫ ∑
∑
2
bj bk χCj (y)χCk (y)|dy
||
bj χCj ||2 = |
j

≤

∑

j,k

|bj ||bk |

j,k
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∫
χCj ∩Ck (y)dy

(7.8)

by the triangle inequality. For notational convenience again, we can now assume that bj
is a positive sequence. Thus, applying our geometrical fact, Lemma 7.1.7, we ﬁnd that
this expression is dominated by
∑
j,k

∑
δ2
δ
bj bk
=
bj bk
.
|rj − rk | + δ
|j − k| + 1
j,k

We rewrite the above as
∑
j,k

√
√
bj δ
bk δ
·
(|j − k| + 1)1/2 (|j − k| + 1)1/2

and apply Cauchy-Schwarz again to ﬁnd
(
)1/2 (
)1/2
∑
∑
∑
1
1
2
2
2
||
bj χCj ||2 .
δbj
δbk
|j − k| + 1
|j − k| + 1
j
j,k
j,k
∑
1
δb2j
=
|j − k| + 1
j,k
∑
1
.
δb2j log
δ
j
1
. log ,
δ
verifying (7.8).
Notice that we see now why we cannot readily expand this theorem to include the
case when n = 2. Our Lemma 7.1.7 is not strong enough to provide a meaningful bound
and unfortunately it cannot be easily improved. Indeed, we saw in the proof of this
lemma that the factor of δ 3/2 was required and this is not good enough to deduce an
optimal result in R2 using the method of proof above. Kolasa and Wolﬀ make a diﬀerent
argument to prove their Theorem 7.1.3; we will not go into detail here.
Clearly there are many similarities between the circular Kakeya problem and the
classical one. Many now familiar reductions and tools are applicable in the new setting,
although we see that the diﬀerent geometry has of course changed the problem in unfamiliar ways as well. We mention brieﬂy some other variations on the Kakeya problem
here. All of the below references are taken from Wolﬀ’s survey paper [32].
It is natural to consider maximal functions given by suprema of averaging operators
over δ-thickened curves instead of lines to attempt to bridge the gap between the classic
and the circular Kakeya problems. Such operators are in many ways less well behaved
than our endpoint operators though. See [7], [8], and [26] for more information.
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The problem of (n, 2) sets shares many similarities with Kakeya. This problem essentially asks if a set in Rn which contains a translate of every 2-plane must necessarily
have positive measure. This is known to be true when n = 3 [25] and n = 4 [6]. Further
results can be found in [1].
In the next section, we will study in detail the natural analogue of the Kakeya problem
over ﬁnite ﬁelds. In this new setting, we actually have an optimal result in all dimensions.
This extraordinary result is due to Dvir and has been known only for several years.

7.2

The Finite Field Kakeya Problem

Let F denote a ﬁnite ﬁeld of q elements. For n ∈ N, consider the vector space Fn . This
vector space bears many similarities to the analytically richer Rn ; in particular, we may
speak of lines, planes and all the other customary submanifolds in this new vector space.
For the Kakeya problem, we make the obvious deﬁnition.
Definition 7.2.1. A set K ⊂ Fn is a Kakeya set if for every x ∈ Fn there exists a
point y ∈ Fn such that the line
Ly,x = {y + a · x | a ∈ F}
is contained in K.
So a Kakeya set in Fn is just any set that contains a line in every direction. In the
notation above, for any “direction” x ∈ Fn , we may ﬁnd an “intercept” y ∈ Fn such that
the unique line thus deﬁned is contained in the set. Notice we do not have a concept of
unit length here since there is no metric space structure imposed on the vector space Fn .
The classical Kakeya conjecture in Rn asserts that Kakeya sets must have full Hausdorﬀ dimension n. So even though these sets may have Lebesgue measure zero, they
still ﬁll out Rn enough to not lose anything in the way of dimension. In the ﬁnite ﬁeld
case, since we have no metric, we cannot construct a Hausdorﬀ (or Lebesgue) measure.
However, there is still a natural concept of dimensionality in this context. The size of
Fn is exactly q n , so any subset of full dimension must have cardinality a ﬁxed proportion
of this quantity, ﬁxed in that it should not depend on the underlying size of the ﬁeld F.
Evidently then, a subset of Fn with full dimension should have cardinality no less than
Cn · q n for some constant Cn depending only on n. This is exactly what Dvir proved for
Kakeya sets in Fn and we will present his extremely beautiful and elementary proof after
a brief discussion on the easy and useful relationship between monomials and binomial
coeﬃcients.
Let m ≥ k be integers; we claim that
( m )k (m) ( m · e )k
≤
≤
,
k
k
k
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where e is the Euler number. The ﬁrst inequality is obvious from the fact that
m−j
m
≥
k−j
k
for all 0 ≤ j ≤ k − 1. The second inequality follows by expanding ek as a Taylor series
and
the sum from below by the kth term. Thus we have the relation
(m) then estimating
k
∼ Ck · m , where Ck is a constant depending only on k.
k
Theorem 7.2.2. Let K ⊂ Fn be a Kakeya set. Then
|K| ≥ Cn · q n ,
where Cn depends only on n.
Proof. The proof is by contradiction. We will prove the theorem for any q and n, but
to begin with we
will )ﬁx n and choose q large enough. More precisely, let q be large
(q+n−1
enough so that
∼ q n . This very particular choice of binomial coeﬃcient may at
n
ﬁrst seem unnatural and indeed it is not completely necessary, but it will appear very
naturally when we exploit the fact that binomial coeﬃcients are powerful counting tools.
So with the value of n ﬁxed (and our
) choice of q suﬃciently large, we suppose that K
is a Kakeya set of size less than q+n−1
. We claim that there exists a nonzero polynomial
n
P ∈ F[x1 , . . . , xn ] of degree at most q − 1 such that P (x) = 0 for all x ∈ K. The existence
of such a polynomial is the crux of the argument and we must be sure that it indeed
exists before proceeding.
Let P be a generic polynomial in F[x1 , . . . , xn ] of degree at most q − 1. If we can
ﬁnd nontrivial coeﬃcients for each term in P such that P (x) = 0 for all x ∈ K, then we
will have what we are looking for. For each x(∈ K, )write down the equation P (x) = 0
in standard form; thus we write down |K| < q+n−1
equations. We want to solve this
n
system of equations for the unknown coeﬃcients. In order to do this, we have to know
how many unknowns we
with.
( are dealing
)
There are exactly q−1+n−1
monomials
in F[x1 , . . . , xn ] of degree q − 1 (the number
n−1
of ways to place q − 1 indistinguishable objects into n distinguishable boxes), thus there
are no more( than this
) many coeﬃcients of the degree q − 1 terms. Similarly, there are no
q−2+n−1
more than
coeﬃcients of the degree q − 2 terms and so on, all the way down
n−1
to the coeﬃcient of the constant term in P . Summing these up, we ﬁnd that there are
no more than
) q+n−2
q−1 (
∑
∑ ( k ) (q + n − 1)
k+n−1
=
=
n
−
1
n
−
1
n
k=0
k=n−1
coeﬃcients in total. This last equality is an easy identity that can be quickly derived
from an appeal to Pascal’s triangle.
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We have just shown that the number of unknown coeﬃcients is strictly larger than the
number of constraints in our homogeneous system of linear equations. Thus a nontrivial
solution exists and we pick one of these to produce our nonzero polynomial P that
vanishes on the set K.
∑
Now write P = q−1
i=0 Pi , where Pi is the homogeneous part of degree i of P . Fix
n
y ∈ F . Then since K is a Kakeya set, there exists some b ∈ Fn such that P (b + ay) = 0
for all a ∈ F. For ﬁxed b and y this is a polynomial of degree q − 1 in a which vanishes for
all a ∈ F. Since |F| = q, this polynomial in a is identically zero and so all its coeﬃcients
are zero. In particular the coeﬃcient of aq−1 is zero and we claim that this coeﬃcient is
exactly Pq−1 (y). To see this, write
P (x) =

q−1
∑
∑

cα x α

i=0 |α|=i

where α = (α1 , . . . , αn ), |α| = α1 + . . . + αn and cα ∈ F. Then
P (b + ay) =

q−1
∑
∑

cα

i=0 |α|=i

Now the coeﬃcient of aq−1 in
is

n
∏

(bj + ayj )αj .

j=1

∏
∏ α
(bj + ayj )αj is yj j so the coeﬃcient of aq−1 in P (b + ay)
∑
cα y α = Pq−1 (y),
|α|=q−1

verifying the claim.
∑q−2
Pi and
Thus we have that Pq−1 is identically zero. So this must mean that P = i=0
we can repeat the above argument to conclude that the polynomials Pq−2 , Pq−3 , . . . , P1
are all identically zero. Hence P = P0 , the constant term. But P0 must be zero since P
vanishes at some point (in particular, at any point in K). So P is the zero polynomial
and we arrive at a contradiction.
Recall that the above was all done supposing that q is large enough with respect to
a ﬁxed n. To complete the proof, just notice that there are ﬁnitely many q smaller than
n, so we may directly compute a constant Cn that satisﬁes |K| ≥ Cn · q n in these cases.
Taking the minimum of these constants and the one above in the case of q large enough,
we thus have the theorem for any ﬁxed n ∈ N.
The stark contrast between the powerful simplicity of Dvir’s resolution of the Kakeya
conjecture in Fn and the complicated machinery required to derive our partial Kakeya
estimates in Rn should serve to remind the reader of the vast diﬀerences between the
analytical nature of ﬁnite ﬁelds and the classical Euclidean one. The proof that we have
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given above may indeed be beautifully simple, but it still required the diligent work of
many great minds over the course of many years to be presented in such a neat fashion.
In particular, it should be noted that Dvir’s original result was that Kakeya sets in Fn
must have size no less than Cn · q n−1 . Following the initial publication of this result,
Alon and Tao observed through private communications with Dvir that his proof could
be modiﬁed to give the optimal bound that we have shown.
It was hoped for many years that deeper insight into the Kakeya problem over ﬁnite
ﬁelds would provide a richer understanding of the classical problem over Rn . The one
downside of the above result then is that we seem to have pushed the analysis to the
optimal level without gaining this extra insight. But perhaps we should not be so hasty
to make this statement as we possibly have just not had the epiphany yet to help us
bridge the gap.

7.3

Other Conjectures and Problems Related to Kakeya

In this ﬁnal section, we aim to outline the Kakeya problem’s place in the hierarchy of
other classical problems in harmonic analysis. We will state results and give references
without concentrating on proofs here since the literature is already quite extensive.
Much of the following can be found in [27], in addition to proofs and further results. We begin with the restriction problem. This problem attempts to address the
“continuity” (not in the technical calculus sense) of the Fourier transform in Rn . More
precisely, we know that the Fourier transform of an L1 (Rn ) function is continuous by the
Riemann-Lebesgue Lemma (see [16]); thus, it is also deﬁned everywhere on Rn . However,
by Plancherel’s Theorem, the Fourier transform of an L2 function is again L2 ; thus, it
is only deﬁned almost everywhere on Rn . Why this is a concern is that in n ≥ 2, there
are many natural objects that we would like to restrict the Fourier transform to, in particular, we would like to restrict the Fourier transform of an Lp (Rn ) function to the unit
sphere. But this object has n-dimensional Lebesgue measure zero in Rn , so we cannot
even well-deﬁne the transform on this object by simply appealing to some old, classic
result. Progress can still be made though by making the notion of restriction precise.
Although the following can be formulated for any smooth submanifold of Rn , we restrict
our attention to the canonical case of the unit sphere.
Definition 7.3.1. We say that the Lp restriction property, denoted by R(p), holds if
there exists a q = q(p) so that
||fˆ||Lq (S n−1 ) ≤ Cp,q,n ||f ||Lp (Rn )
holds for every f ∈ Lp , where fˆ is the customary Fourier transform of f in Rn .
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(7.9)

The ﬁrst formidable restriction result is the theorem of Stein and Tomas which asserts
that R(p) holds whenever 1 ≤ p ≤ 2n+2
with q = 2. It is also known that no restriction
n+3
2n
theorem can hold for p ≥ n+1 . This fact coupled with the fact that R(p) holds for all
2n
1 ≤ p < n+1
in R2 , leads us to a natural conjecture.
Conjecture 7.3.2 (Restriction Conjecture). For n ≥ 3, R(p) holds for all 1 ≤ p <

2n
.
n+1

Many improvements have been made to the benchmark Stein-Tomas restriction theorem but we are still far from the full resolution of the restriction conjecture. Much of
this progress has relied on analyzing a local analogue of the restriction problem; this program of study was initiated by Bourgain [6]. Let R(p, α) denote the localized restriction
estimate
||fˆ||Lq (S n−1 ) ≤ Cp,q,n rα ||f ||Lp (B(0,r))
for some q = q(p). Similar in spirit to Kakeya, it suﬃces to consider only diagonal
estimates q = p in the context of the full restriction conjecture. Notice that R(p, 0) is
equivalent to R(p) and that global restriction estimates imply local restriction estimates.
Bourgain showed that this implication can be partially reversed, namely,
Proposition 7.3.3 (Bourgain). If p ≤ 2n+2
, 0 ≤ α ≤ n+1
, then the local restriction
n+3
2p′
estimate R(p, α) implies the global restriction estimate R(q) whenever
q′ ≥ 2 +

n+1
2p′

1
.
−α

So we can prove global restriction theorems by deriving local estimates. Of course
the question now becomes how to go about proving local restriction estimates and this
is where Kakeya enters the framework. Bourgain used his Kakeya estimate K( n+1
) to
2
show a corresponding local restriction estimate. More speciﬁcally, we have
Proposition 7.3.4 (Bourgain). Suppose we have a Kakeya estimate K(p). Then we have
a corresponding local restriction estimate R(p, α) for α = n+1
− n−1
+ ϵ for any ϵ > 0.
8p′
8
Clearly, coupling this proposition with Proposition 7.3.3, we see that a Kakeya estimate in fact implies a restriction estimate. Bourgain’s argument gave an improvement
to Stein-Tomas by increasing the range of p; in R3 , this improves the Stein-Tomas range
58
. Unfortunately, this result is still far from the conjectured
of 1 ≤ p ≤ 34 to 1 ≤ p ≤ 43
optimal one, corresponding to the range 1 ≤ p < 3 in R3 . See [6] or [29] for details.
One ﬁnal thing to note is that in fact global restriction estimates imply Kakeya
estimates and that a full resolution of the restriction conjecture would settle the Kakeya
conjecture. It is not known whether there is actually a formal equivalence between the
two conjectures, only the partial equivalence outlined above.
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The restriction problem is closely related to two other classical problems in harmonic analysis, that of the Lp boundedness of the Bochner-Riesz means and that of local
smoothing of the wave equation. Consequently, we see that the Kakeya problem is also
related to these problems.
Definition 7.3.5. The Bochner-Riesz spherical summation operator of order δ
is given by the formula
(
)
∫
2 δ
|ξ|
δ
fˆ(ξ) 1 − 2
SR f (x) =
e2πix·ξ dξ
R
|ξ|≤R
for f ∈ Lp (Rn ).
In one dimension, SRδ is a bounded Lp → Lp operator for all 1 < p < ∞ and in fact
f (x) = limR→∞ SRδ f (x). This is intimately related to the fact that the Fourier series of
an arbitrary Lp (R) function f converges almost everywhere to the function f for any
1 < p < ∞. This follows from the theorem of Carleson-Hunt-Sjölin and the transference
δ(p)+α
principle (see [17]). In Rn , n ≥ 2, much less is known. Let BR(p, α) denote that S1
is bounded on Lp (Rn ) where δ(p) = max{n| p1 − 12 | − 12 , 0}. Then we have the following
conjecture.
Conjecture 7.3.6 (Bochner-Riesz Conjecture). If n ≥ 2, 1 ≤ p ≤ ∞, and ϵ > 0, then
BR(p, ϵ) holds.
We have the amazing result due to Tao [30] that the Bochner-Riesz conjecture implies
the restriction conjecture. This result is very similar in ﬂavor to his theorem that the
Kakeya and Nikodym maximal function conjectures are equivalent (see Chapter 3).
These problems are all related to another classic problem in PDE’s, that of local
smoothing of the wave equation. The problem, stated in one of its simplist forms, is as
follows.
Conjecture 7.3.7 (Local Smoothing of the Wave Equation). If u(x, t) is a solution of
the homogeneous Cauchy problem
(
)
∂2
− 2 + ∆ u(x, t) = 0,
∂t
u(x, 0) = f (x), ut (x, 0) = 0,
then one has
||u||Lp (Rn ×[1,2]) . ||(1 +
for all ϵ > 0, where p =

2n
n−1

√
−∆)ϵ f ||p

and ∆ is the Laplacian.

This conjecture has been shown to be formally weaker than all the above conjectures
and so would imply all of them. See [32], [33] for more information.
In summary, we have the following table of implications.
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Local Smoothing
⇓
Bochner-Riesz
⇓
Restriction
⇓
Maximal Kakeya
⇔ Maximal Nikodym
⇓
⇓
Kakeya Set
Nikodym Set
Table 7.1: Known Implications between Bochner-Riesz, Restriction and Kakeya

Finally, we remark that the Kakeya problem can be viewed from a more purely
combinatorial perspective, akin to the argument of Katz and Tao [21] establishing the
). See [24] for a thorough discussion.
estimate K( 4n+3
7
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Science Reports 6 (1917), 71-88.
[20] N.H. Katz, I. Laba and T. Tao: An Improved Bound on the Minkowski Dimension
of Besicovitch Sets in R3 , Ann. of Math. (2) 152 (2000), 383-446.
[21] N.H. Katz and T. Tao: New Bounds for Kakeya Problems, J. Anal. Math. 87 (2002),
231-263.
[22] N.H. Katz and T. Tao: Recent Progress on the Kakeya Conjecture, Publ. Mat.
(2002), 161-179.
[23] L. Kolasa and T. Wolﬀ: On Some Variants of the Kakeya Problem, Paciﬁc J. Math.
190 (1999), 111-154.
[24] I. Laba: From Harmonic Analysis to Arithmetic Combinatorics, Bull. Amer. Math.
Soc. 45 (2008), 77-115.
[25] J.M. Marstrand: Packing Planes in R3 , Mathematika 26 (1979), 180-183.
[26] C. Sogge: Concerning Nikodym-type Sets in 3-dimensional Curved Spaces, J. Amer.
Math. Soc. 12 (1999), 1-31.
[27] E. Stein: Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscillatory
Integrals, Princeton University Press (1993)
[28] E. Stein and G. Weiss: Introduction to Fourier Analysis on Euclidean Spaces, Princeton University Press (1971)
107

[29] T. Tao: Lecture Notes, available at math.ucla.edu/ tao/254b.1.99s/ (1999).
[30] T. Tao: The Bochner-Riesz Conjecture Implies the Restriction Conjecture, Duke
Math. J. 96 (1999), 363-375.
[31] T. Wolﬀ: An Improved Bound for Kakeya Type Maximal Functions, Rev. Mat.
Iberoamericana 11 (1995), 651-674.
[32] T. Wolﬀ: Recent Work Connected with the Kakeya Problem, Prospects in Mathematics, Princeton (1996), 129-162.
[33] T. Wolﬀ: Lectures on Harmonic Analysis, University Lecture Series 29 (2003).

108

